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In Polygons of Albrecht Durer, we examined each of the compass and straightedge polygon 

constructions from D ̈rer‟s Four Books of Measurement. The non-regular constructions were 

carried out with Mathematica to get an accurate set of vertices. In this paper we will analyze 

these non-regular polygons using the Tangent map (outer billiards map).  

Below are the first few iterations of the Tangent map τ for a non-regular polygon and a regular 

pentagon. For an initial point p, each iteration involves finding the „tangent‟ vertex and 

extending the orbit an equal distance on the other side of the vertex, so the formula is τ(p) = 2c – 

p where c is the tangent vertex. We will usually assume a clockwise orientation. 

                   

Iterating τ with regular polygons, generates canonical First Families of related polygons. These 

First Families represent the major resonances of  τ. Some of these family members can be seen 

above for the regular pentagon. For regular N-gons where N is prime of the form 4k+1, there 

appear to be endless chains of such families at well-defined scales. The pentagon has a self-

similar fractal structure composed of smaller and smaller generations. For 4k+ 3 primes there are 

few remnants of family structure past the First Family.The composite regular polygons also have 

First Families but the nature of these families is variable depending on the divisors.  

Below are the first families for N = 5, 7 and 13. The regular heptagon (N = 7) is a 4k+ 3 prime so 

the subsequent families evolve in a different manner than N = 5 and N = 13. 

   

First Families for the regular pentagon (N = 5), heptagon (N = 7) and tridecagon (N = 13) 

 

For 4k+1 primes polygons there is a well defined set of scale factors that determine the size and 

position of the new generations, but the small-scale dynamics of these new generations may be 

very different from that of the First Family. The regular pentagon is the only non-trivial case 

where the complete generation structure is well understood. The major resonances at all levels 
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are either 2N-gons (which we sometimes call Dads) or N-gons (Moms). Below are the first few 

generations of Dads and Mom‟s for the regular pentagon. These generations converge to a limit 

point at GenStar. The scale factor here is GenScale[5]  ≈ 0.23606797 

                       

Example 1 Below is the  First Family for the regular 9-gon. The polygons which make up the 

First Families for regular n-gons with N prime, are all regular N-gons or 2N-gons, but for N = 9, 

the divisor of 3 alters the dynamics and the two polygons marked in blue are no longer regular.  

                             

The most valuable tool for analyzing the dynamics of a polygon is the „web‟,which is formed by  

iterating the forward edges under τ or the trailing edges under τ
-1

. (For a given polygon M, the 

inverse of the tangent map τ is the same map applied to M with the reverse orientation.) The 

resulting webs partition the plane into open regions such that the points in each region have 

identical dynamics. We call these regions sub-domains or „tiles‟.  

Example 2: Below is a typical web for a non-regular polygon, showing the forward edges in 

blue and the trailing edges in magenta. Each frame here is 3 iterations, so the last frame is the 

level 21-web. In the limit these two webs contain the same information, but it is useful to have 

both webs for analysis.  
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At every iteration, there will be unbounded subdomains which will continue to evolve, but these 

are typically bounded away from the origin so it may be possible to understand the local 

dynamics within some radius r of the origin. If the web is eventually stable within some radius r, 

then all the sub-domains must have periodic orbits. This is the case for any „lattice polygon‟ with 

rational vertices such as the example shown above. 

It is possible that the points in some subdomain may have bounded nonperiodic orbits, in which 

case the sequence of subdomains must have vanishing Lebesgue measure. For example the 

regular pentagon has nested subdomains that converge to a point.  

Example 3: Below is the limiting web for the region surrounding the regular polygon This 

region is bounded by five large decagons which are the major „resonances‟ of the map τ. In the 

First Family these are the „Dads‟ and these 5 Dads surround the central pentagon which is also 

known as „Mom‟. The point p shown below has a bounded non-periodic orbit which is dense in 

the web. This plot is the first 50,000 points in the orbit. The point p lies on the perpendicular 

from vertex c5, so p = {c5[[1]], c4[[2]]} (where [[1]] signifies the first coordinate). 

                                                             

.Example 3: Below is the First Family for the regular 13-gon with „Mom‟ on the right at the 

origin and „Dad‟ on the left. The GenStar point ≈ {-7.99642529021093,-0.9709418174}  is 

marked  the foot of Dad. Since 13 is a 4k+ 1 prime, there appears to be an infinite chain of Dads 

and Moms which converge to this point. The scale factor for each generation is GenScale[13] ≈ 

0.029927830949. 

                              

Below is an enlargement of the region around the GenStar point for N = 13, showing the local 

web. Mom[1] is the matriarch of Generation 2 and these generations appear to converge to 

GenStar. There are also symmetric limit points such as the one shown here under Dad[1]. 



            

The one feature that unites all regular polygons are concentric rings of Dads which confine the 

motion. The rings for the regular heptagon are shown below. The region between the rings is 

invariant, so there are no unbounded orbits. Non-regular polygons which have sufficient 

symmetry will also have rings of „Dads‟, but with very few exceptions, these rings will have 

gaps allowing points to diverge. Stable periodic regions will still exist but neighboring points 

may have unbounded orbits. This implies that portions of the webs will never stabilize and the 

evolution is very difficult to track or predict.  

Example 4: The large-scale web for the regular heptagon. The rings of Dads guarantee that no 

orbits are unbounded, and the local dynamics in any ring can be deduced from the dynamics in 

the inner ring surrounding. 

                          

 

Example 5: The web for a non-regular polygon may have gaps in the rings allowing points to 

diverge. 

                          



Below is a list of polygon constructions in the order they are given in Durer‟s Second Book. We 

will analyze the five non-regular polygons which are marked: N = 7,5,9,11 and 13 

Number of 

sides 

Durer‟s 

figure 

Regular 

(Y/N) 

Thumbnail of figures 

6 9 Y 

 
3 10 Y 

 
7 11 N 

 
14 & 28 12 N 

 
4 13 Y 

 
8  & 16 14 Y 

 
5 & 10 15 Y 

 
5 16 N 

 
15 17 N 

 
9 18 N 

 
11 & 13 19 N 

 



D ̈rer’s Heptagon 

              

“Now I shall show a simple way of using the triangle of the preceding figure to construct a seven-

cornered figure. I draw a straight line from the center point a to point 2 which cuts the side 1,3 of the 

triangle in half. Where this occurs I mark b. The length 1b will then fit seven times around the periphery, 

as shown in the figure above.” 

Assuming that the radius of the circle is 1, the sides of the equilateral triangle are each √  so the 

sides of the heptagon will be √    . But this applies only to the 6 symmetric sides. The base will 

be 
9 39

64
.The interior angles (other than the base) are 2*ArcSine[Sqrt[3]/4] ≈ 51° 19' 4.12517" 

compared with 360/7 ≈ 51° 25' 42.85714" 

                                           

The exact coordinates of the vertices are: 

39 5 5 39 7 9 39 115 9 39 115 5 39 7 39 5
{{0,1},{ , },{ , },{ , },{ , },{ , },{ , }}

8 8 32 32 128 128 128 128 32 32 8 8
        

 

 



On the left below is the web for the Dürer heptagon and on the right is the web for the regular 

case. On  this scale they look similar but on a small scale they are very different. Note the small 

gaps between some of the „Dads‟. These gaps allow points to escape from the inner star region. 

Using the Mathematica notebook NonRegular.nb with the matrix from above: 
 

H0 = W0[8, .01, 0]; (*generates 800 points on each of the 7 forward edges*) 
Web=Flatten[Table[V[H0[[k]],300],{k,1,Length[H0]}],1];  (* Depth 300 yields 300*800*7 points*) 
Rt[p_]:=ReflectionTransform[{1,0}][p]; InverseWeb = Rt[Web]; 
 
Graphics[{AbsolutePointSize[1.0], Blue, Point[Web], Point[InverseWeb]}] 
 

       

On closer inspection there are many differences between these webs. Below is a close up of the 

second generation around GenStar. Dad[1] and Mom[1] are the only recognizable survivors and 

they are in highly mutated form which does not bode well for future generations. Later we will 

track the dynamics of the five magenta points. 

           

 

 

 



Below is the region around S[1] and S[2] close to „Mom‟. These buds  have step-1 and step -2 

orbits around Mom and both are period 14 with doubling. This is just like the regular case, but in 

the regular case these are perfect 14-gons. However we can still find their period 7 centers to any 

desired accuracy using probe points: cS[1] ≈ {-0.87820284352477, -0.687500} and cS[2] ≈   

{-1.561249499599, -0.35937500}. 
 

                     

Below is this same region with the S[1] and S[2] buds from the regular heptagon drawn in 

magenta. The centers given above are within 1 or 2 decimal places of the canonical centers. 

  



A finer grid and higher iteration depth will yield a more detailed web such as the one shown 

below. 

H0 = W0[2,.00055,0];  (*scan to distance 2 -about 25,500 points total in the 7 edges*) 
Web=Flatten[Table[V[H0[[k]],500],{k,1,Length[H0]}],1];  (* Depth 500 yields 500*25000 points*) 
Rt[p_]:=ReflectionTransform[{1,0}][p]; InverseWeb = Rt[Web]; 
 

    

Many of these 12.5 million points map to the trailing edges and the orbit terminates. The 

percentage which survive varies widely for each polygon depending on the symmetry. In this 

case there were 5,337,829 survivors with a survival rate of .426 which is about 4 times higher 

than the regular heptagon. The survival rate is a rough measure of the complexity of the 

dynamics.  



Below is the region on top of S1. This is one of the regions where the regular heptagon has very 

complex small-scale dynamics.  

      

The Dad[2]‟s survive as period 32 triangles which may be regular. The transformed Mom[2] has 

period 366, but most of her progeny have  much higher periods. This region is not fully resolved 

and it may never be resolved, because there may be orbits which are unbounded. If this is true, 

parts of the local web will always be evolving and the limiting web may form Cantor lattice as in 

the case of the Penrose kite.  

Below is a point to the right of S[1] which may have an unbounded orbit. It is the magenta point 

shown at the right. The coordinates are p1 = {-0.6617, -0.7397}. The green point p2 = {-.6607,-

.7437} has period 48214. The line separating them is part of the inverse web and it shows the 

power of using this web in conjunction with the forward web.  

The dividing line between p1 and p2 does not exist in the forward web and there is no telling 

when it will show up. In the limit these two webs should be the same but that limit may be very 

far off. The immediate neighbors of p2 share the same 48214 period but after 100 million 

iterates, the orbit of the magenta p1 point is somewhere in the 27th ring at a distance of about 

250, and it shows signs of further divergence. We will track this orbit in the projections below. 

 

                  

 



Projections 

There are three possible projections for a convex regular heptagon  – including the null 

projection P1 which is the „return‟ orbit   . We will use the same 3 projections for the non-

regular case. The P2 projection is a remapping of P1 which takes the vertices mod 2 and the P3 

projection is mod 3. Their actions on „Mom‟ are shown below. 

                

Example: q1 = {-.867,-.69} is a point in S[1]  so it has period 14. This means that the projections 

have period 7. (We plot 8 points below to close the orbit.) 

Ind = IND[q1, 100]; k = 8 ; Px =  Table[Graphics[{poly[Mom], Blue, Line[PIM[q1, k, j]]}], {j, 3}]; 
GraphicsGrid[{{Px[[1]], Px[[2]], Px[[3]]}}, Frame -> All] 
 

      

 

Example: q1= {-0.8036,-0.4662}. This is one of the „Dad[2]‟ triangles at the top of S[1]. They 

are period 32 so the projections are period 16.  
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The P1 orbit above appears to have „dead-ends‟- but these are just reversals in direction. It is 

often easier to follow the P1 orbits if we plot points rather than lines. This is shown on the left 

below. For regular polygons, the periodic orbits have a natural symmetry which guarantees that 

the projections will have closed orbits. Non-regular polygons may also have symmetric periodic 

orbits, but there are also asymmetrical periodic orbits and this means that the other non-trivial 

projections may not be closed. The P2 and P3 projections shown here are periodic with period 

16, but they are not closed. They will repeat these patterns indefinitely. Below is k = 58 so there 

are 3+ periods.  

 

 

Whenever possible, we will plot just one period of the asymmetric projections. Some of the 

projections are very beautiful and they show the unique symmetry of the D ̈rer heptagon. On the 

next few pages we will show the projections for the five points shown on the left below in the 

region around the new GenStar. Most of these orbits are symmetric, but Mom2 is not. 
 

(a) Dad1 is at  {-3.033,-0.6956} with period 42 

(b) Mom1 is at {-3.516,-0.7901} with period 28 

(c) The small region is at {-3.708,-0.8147} and it is period 140 

(d) The point closest to GenStar is Mom2 from the regular N = 7 at                                                                             

cMom[2]= {-3.899711648727294428,-0.890083735825257}. Period 162 

(e) The left side Mom1 is at {-4.4, -1.0} with period 56 

 

 

 

 

 

                                  



Example (a) Dad 1 is period 42 so projections are period 21  
 

 

Example (b) Mom1 is period 28 

 
 
Example (c) Below is the small period 140 region 
 

 
 
Example (d) ‘Mom2’ is period 162 so the projections are period 81. Since the orbit of P1 is not centrally 
symmetric the projections are not closed and we show one period below.  
 

 



For comparison, below are the projections of Mom2 for the regular heptagon. The period is smaller at 
98 and the orbit is centrally symmetric. cMom[2] = CFR[GenScale^2]  =  
(1-GenScale^2)*GenStar ≈{-3.899711648727294428072, -0.8900837358252576171556102}  
 

 

 
Example (e) Returning to the Durer heptagon, the outer Mom1 is period 56.  

 

 

Returning to the D ̈rer Heptagon, below is the region at the top of S[1].We will look at points (f) and (g). 

                                        

Example (f): q1= {-0.8789,-0.4713} is the ‘Mom2’ at the top of S[1] with period 366. The orbit is highly 

asymmetric. 

 



Example (g): q1= {-0.87,-0.4655}. This is the region to the right of Mom2 with period 13,588. 

Early in the orbit it visits close to the canonical Mom[2] at GenStar and the projections reflect 

this fact as shown below for k = 90 

 

K = 250 below shows other fly-bys. 

 

Example q1=                 .This is the point p1 at the right of S[1] which may have an unbounded 

orbit. Below are the first 5000 points 

               

 

 

 

 



D ̈rer’s Equilateral Pentagon 

“Construction of a pentagon without changing the opening of the compass is accomplished as follows. 

Draw two circles which overlap so that the periphery of each touches the other's center. Then connect the 

two center points a and b with a straight line. The length of this line is equal to one side of the pentagon. 

Where the two circles cross mark c at top and d at the bottom and draw the line cd. Then take the compass 

without changing the opening and place one leg on d and with the other draw an arc through the two 

circles and their centers a and b. And where the periphery is crossed by this arc mark points e and f. 

Where the vertical line cd is crossed mark the point g. Then draw a line eg and extend it to the periphery 

of the circle. Mark that point i. Then connect i with a and h with b and it will give you three sides of the 

pentagon. Then erect two inclined lines of equal length ih until they meet at top. You will have 

constructed a pentagon.” 

                               

The matrix in standard position is : 

Mc= {{0, 1},{0.958193290885377245697767, 0.318948145474695899702365},  

{0.587785252292473129168706, -0.796741729085373237430852},  

{-0.587785252292473129168706, -0.796741729085373237430852},  

{-0.958193290885377245697767,   0.318948145474695899702365}} 

 

Even though the sides are equal, the angles are far from equal. The angle β is 108°21'58.03259 

instead of  108° and this implies that the pentagon will be too wide and somewhat short. Since 

we fix vertex 1 at {0,1}, the base will be raised slightly as shown on the right. (The magenta 

pentagon is the regular case.).  

 

 

 

                        



       

               

 

         

The magenta polygons are the canonical family members from the regular case where Mom[1] is 

the matriarch of the second generation and there is a chain of self-similar generations converging 

to GenStar. This scenario breaks down for the D ̈rer pentagon and it is unlikely that there will be 

further generations past Mom[1]. The quadrilaterals are remnants of second generation S[1]‟s 

which would normally be decagons.  One of them is marked with a magenta dot. They are all 

period 70 with doubling. 

Because of the gap between Dads at the GenStar point, the inner star region for the D ̈rer 

Pentagon is no longer invariant so points may escape from this region. This means there may be 

unbounded orbits. The regular pentagon does not have unbounded orbits but it does have 

bounded non-periodic orbits, so it has structure on all scales with a well-defined fractal 

dimension. See N5Summary. 

http://geneticsofpolygons.org/PDFs/N5Summary.pdf


Periods and Projections  

Many regions in the inner star have divergent orbits with unknown periods. Some of the 

exceptions with periodic orbits are shown below. Points (a) – (g) have periodic orbits with 

periods ranging from 50 to 441492. Some of these regions are only crude approximations to the 

limiting regions but the actual regions must be subsets of these.  In the case of points (a) and (b) 

it seems likely that these are the actual limiting regions, but for the remaining points, a neighbor 

could easily have an unbounded orbit - in which case it would not be surprising that the 

corresponding „region‟ for that point is a Cantor set with empty interior. We will look at the P2 

projections of these 7 orbits.  A pentagon has only one non-trivial projection.  

       

Example (a)  q1={-0.742,-0.4905} with  period 50 

The P1 projection is the τ
2
 „return‟ map of this orbit so it will have period 25, but we will extract 

these P1 points from the full orbit to get the indices (corners visited). The P2 projection will also 

have period 25, but we will generate 26 points to close the plots:   Ind=IND[q1,52]; P2=PIM[q1,26, 

2].  

Graphics[{poly[Mom],Blue,Line[P2], AbsolutePointSize[5.0],Magenta, Point[q1]}] 

 



Example (b):  (the large quadrilateral), q1={-0.7719,-0.739}.Period 70  

 

Example (c):  {-0.8763,-0.6855} period 116 

 

 

Example (d):  q1= {-0.7806,-0.5347}, period 386 – note the asymmetry 

 

 



Example (e): q1= {-0.7528,-0.4478}  has period 3164 

 

Example (f) q1= {-0.8092,-0.612} period 14364 

                    

Example (g) q1= {-0.6601,-0.6047}  yields an orbit which diverges rapidly but eventually returns home 

with period 441,492. The first 12,000 points of the P2 projection are shown below. 

                                                    



Below are 240,000 points showing the (almost perfect) symmetry of the periodic orbit.The width 

of this plot is about 700 units. The plot is very dense because at larger distances from the origin, 

rotations become a dominant factor and these „embellishments‟ tend to obscure the underlying 

structure of the orbit. 

                     

It is an easy matter to „filter‟ out these rotations around „Mom‟ by cropping the orbit to a single 

strip. We will use the „canonical‟ horizontal strip which has a height of 4 units – which is the 

limiting dimensions of the Dads. The crop region is: left = -1, right = 150; top = 3; bottom = -1 

as shown below. 

                                     

The procedure is to first generate the unfiltered P1 and P2 and then use the CropBox routine to 

generate filtered indices which are stored in Ix (see Projections.pdf). In this example the 240,000 

initial points crop to 3751 points so the filter ratio is about 64 to 1. The filtered P2 projection 

shown below is still periodic but not quite symmetric. Since this is a uniform subset of the actual 

P2 orbit shown above, these asymmetries exist there as well. 
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Ind=IND[q1,500000]; P1=PIM[q1,240000, 1]; P2=PIM[q1,240000, 2]; CropBox[P1]; P2 = P2[[Ix]] 

                 

Below is this orbit cropped to the original region on the edge of „Mom‟. 

                               

Below is an enlargement of the dynamics in the horizontal crop strip. This data was gathered 

from a series of localized scans rather than using orbital data. Individual orbits tend to provide 

sketchy information about local dynamics, and periodic orbits should be avoided because we 

want the boundaries of regions.These rings initially have well-defined spacing and uniform 

structure which breaks down and is then rebuilt with a shift in the centers. The length of one 

„super-cycle‟ is typically on the order of 200 -250 units. See N5KiteSummary . 

 

These strips show a likeness with the regular case and with other „slightly‟ irregular pentagons. 

This is not surprising because the large-scale structure is dominated by simple rotations. The 

small scale structure is a different matter and no one knows how the perfect self-similarity of the 

regular case breaks down.  For affine transformations the transition is smooth and self-similarity 

is preserved, but in general the transition is abrupt and we have not found any non-affine 
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transformation which preserves the regular structure. The 9-gon shown below has a higher 

degree of „regularity‟ than any of the non-regular Durer polygons. This is probably due to the 

perfect 3-fold symmetry of the construction. 

D ̈rer’s 9-gon 

“You can construct a nine-sided figure based on a triangle. Draw a large circle with center a. Then 

without changing the opening of the compass draw three „fish bladders‟ whose upper end on the periphery 

you will mark b. Mark the other c and d. Within the upper fish bladder draw a vertical line ba and divide 

this line with two points 1 and 2 into three equal parts. Point 2 should be closest to a. Then draw a 

horizontal line through point 2 at right angles to the vertical line ba. Where the horizontal line crosses the 

fish bladder mark points e and f. Then place one leg of the compass on center a and the other on point e 

and draw a circle through f. Line ef will then represent one of nine sides which will compose a nonagon 

inside this smaller circle, as shown in the diagram below.” 

                                           

 Mc = {{0,1},{0.6373442158890411113412312,0.7705792304966331986017532}, 
{0.9860132971832693404278880,0.1666666666666666666666667}, 
{0.8660254037844386467637232,-.5000000000000000000000000}, 
{0.3486690812942282290866568,-0.9372458971632998652684199}, 
{-0.3486690812942282290866568,-0.9372458971632998652684199}, 
{-0.8660254037844386467637232,-0.5000000000000000000000000}, 
{-0.9860132971832693404278880,0.1666666666666666666666667}, 
{-0.6373442158890411113412312,0.7705792304966331986017532}} 
 

This matrix assumes that Durer retained the 3 vesica pices arcs (shown in blue below) and 

bisected the remaining 3 arcs. The resulting 9-gon looks very similar to the regular case. 



                                                       
 

Below is the web for the Dürer  9-gon compared to the web for the regular 9-gon. 
 

                                                

As we saw earlier with the D ̈rer Heptagon and D ̈rer Pentagon, there are gaps between the 

Dads which allows points from the inner star region to diverge.  Below is an enlargement of the 

region around S1 and S2. We can see just a portion of the large S3 on the left. In the regular case, 

S3 is a non-regular 12-gon composed on two interwoven regular hexagons. This occurs because 

3 is a non-trivial divisor of 9. The dark blue regions in the regular plot are invariant but that 

invariance breaks down for the D ̈rer 9-gon. See N9Summary.       

                                                     

The enlargement below focuses on the region between S2 and S3 marked by the arrow. The 

hexagon at the center of this region is embedded in a non-regular 9-gon which shares a vertex 

with S[3]. This 9-gon has its own „buds‟ (internal and external) at each vertex and there may be 

more mutated „generations‟ as we look closer. In the regular case S[1], S[2] and have period 9 

(centers only), but the S[3] center is period 3 because the period 9 orbit decomposes into three 

disjoint orbits. The same is true for the Durer 9-gon. 

file:///E:/Main/PDFs/N9Summary.pdf


 

                        
 

 

The points in this region map to each other in a non-trivial fashion as shown below. We will 

track the projections of the four points (a), (b), (c) and (d) 

 

               
Projections 
 

In general the number of distinct projections of a regular n-gon is φ(n)/2, where φ(n) is the Euler 

totient function. For n = 9, φ(n)/2 = 3, but we  have adopted the convention of showing all non-

redundant projections. In this case they are P1,P2,P3 and P4. These four templates are shown 

below. 

 

 



Example (a) q1= {-0.8174,-0.6093} The small red ‘star’ regions above have period 72. Since the P1 
‘return’ orbit is asymmetrical the projections may fail to be closed.

 
 
 
Eample (b) The small 2n-gon to the right of the star q1 = {-0.7504,-0.6237} period 498 (all three map 
together) 
 

 
 

 

Example (c) : q1= {-1.6, -0.9077} has period 6018 but the projections will repeat every 3009 

cycles at a displacement because the orbit is not symmetric. Below is 3100 points of the P2 

projection where we can see the start of the second cycle at the left. 

 



Example (d):  q1=  {-1.398,-0.9089} has an unknown period and rapidly divergent orbit. Below 

are the first 200,000 points in the P2 projection. 

 

 

D ̈rer’s 11-gon 

“To construct an eleven-sided figure by means of a compass, I take a quarter of a circle‟s 

diameter, extend it by one-eighth of its length and use this for construction of the eleven-sided 

figure.” 

                                           

Using radius 1, the side length is 1/2  + (1/8)(1/2) =.5625 which is a good approximation to the 

actual which is ≈  0.5634651136828. The corresponding interior angle is θ= 2*ArcSin[(9/32)] ≈ 



32° 40'10.72402 compared to 360/11 ≈ 32°43'38.18182. With 10 sides of length 9/16, the base 

will be slightly longer at 0.5731083727308245 

theta = 2*ArcSin[(9/32)]; M1 = Table[RotationTransform[-k*theta][{0, 1}], {k, 0, 5}]; 
M2 = Reverse[Table[RotationTransform[k*theta][{0, 1}], {k, 1, 5}]]; Mc = Join[M1, M2]; 
 

The resulting 11-gon in standard position is : 

 
N[Mc,25] = {{0, 1}, {0.5397944249806905656719474,0.8417968750000000000000000}, 
{0.9087945201823345070492552,0.4172439575195312500000000},  
{0.9902463492325366708055095,-0.1393275558948516845703125}, 
{0.7583780443458815285647082,-0.6518149598268792033195496}, 
{0.2865541863654123089264796,-0.9580640366261832241434604},  
{-0.2865541863654123089264796,-0.9580640366261832241434604},  
{-0.7583780443458815285647082,-0.6518149598268792033195496},  
{-0.9902463492325366708055095,-0.1393275558948516845703125}, 
{-0.9087945201823345070492552,0.4172439575195312500000000},  
{-0.5397944249806905656719474,0.8417968750000000000000000}} 
 

        

Below is an enlargement of the region between S1 and S2 for the regular case. S[1] has a 

Mom[2] on each edge, but because 11 is a 4k+3 prime, there are no Dad[2]‟s to be found 

anywhere, and this means there is little hope for future generations. The dynamics are very 

complex and the web seems to be multi-fractal with structure on all scales. Very little of this 

structure seems to survive in the D ̈rer 11-gon in the next plot. 



 

Below is a depth 2000 web for the D ̈rer 11-gon showing the same region as above. There is no 

obvious self-similarity or scaling, and the web gives little hint of the dynamics – which are 

probably dominated by extremely long periods or unbounded orbits. These orbits will not leave 

their „mark‟ on the web until the depth is far greater than 2000 iterations. Points with unbounded 

orbits or divergent orbits, tend to revisit regions on a „semi-regular‟ basis – but the period 

between visits could be very long. This makes it unlikely that we will ever know the underlying 

structure.. 



                            

The green point marked below is  {-0.7117, -0.8704}. It has an orbit which may be unbounded – 

but the orbit revisits this region in a semi-periodic fashion. This is characteristic of many 

divergent orbits. The magenta points are part of the first 200 million iterations. These iterates 

covered a region out to 240 units in a fairly uniform fashion. If this orbit is followed for billions 

of iterations, the local iterates may begin to show a Cantor set pattern. 

                              

Projections 

The regular 11-gon has 5 possible projections and we can apply the same projections to the 

D ̈rer 11-gon. We will use the P2 projection to track the orbit of the the green point q1 = {-

0.7117, -0.8704} from above. This may help to illuminate the semi-periodic behavior of this 

orbit.  



For divergent orbits, the rotations will dominate the dynamics and drown out the underlying 

behavior, so we will filter out the dynamics to lie on just one „strip‟. The strip width is chosen to 

match the dimensions of a limiting Dad:  top = 3; bottom = -1;  Below is the first 200 million 

iterates of q1 cropped to this strip.  

 

This strip covers about 16 rings of „Dad‟s. The (exact) inter- ring spacing for the regular 11-gon 

is -2*cS[5][[1]] ≈ 13.9103055435469466695 and the spacing for the D ̈rer 11-gon is the same 

for the first 15 or so rings. Note that the Dad‟s are slowly disappearing but they will reappear 

again in „super-cycle‟ which appears to be about 23 rings. Typically the new cycle will be offset 

and the Dads will be slightly different in each cycle. These „super-cycles‟ are not well 

documented but it seems likely that they are related to the semi-periodic behavior of the orbit. 

When we crop points to this region or any other region, the Crop routine keeps track of the new 

indices relative to the overall orbit. This index file Ix allows us to generate filtered projections 

showing the behavior of the orbit in just one strip.  

Ind = IND[q1, 1000000]; (*vertices for the first 1 million points in the orbit*) 
P1 = PIM[q1, 500000, 1];P2 = PIM[q1, 500000, 2] 
K1 = CropBox[P1]; P2f = P2[[Ix]]; (*Ix are the filtered indices from P5* 

 
Graphics[{poly[Mc], Magenta, Blue, Line[P2f]}, Axes -> True] 

 

 

 

 

 



D ̈rer’s 13-gon 

“If a thirteen-sided figure is required, I first draw a circle with center a. Then I draw the radius ab and cut 

it in half at d. I use the length cd to mark off thirteen pieces along the periphery of the circle. But this 

method is mechanical and not demonstrative.” 

 

                                                

Assuming that D ̈rer wants the reader to reduce the half-radius db  by 1/24 of db,, the new side 

length cd will be 23/48 with interior angle θ = 2*ArcSin[23/96] ≈ 27° 43' 26.03764‟‟ compared 

to the actual which is 360/13 ≈  27° 41' 32.30769". With 12 sides of 23/48, the 13
th

 side (the 

base) will be a little short at 0.47220444562087881310469856996. 

theta = 2*ArcSin[(23/96)]; M1 = Table[RotationTransform[-k*theta][{0, 1}], {k, 0, 6}]; 
M2 = Reverse[Table[RotationTransform[k*theta][{0, 1}], {k, 1, 6}]]; Mc = Join[M1, M2]; 
 

Mc= {{0,1},{0.465211322650364625613779814349, 0.885199652777777777777777777778}, 
{0.823609802556787025988979107088, 0.567156850555796682098765432099}, 
{0.992906899844919349650562971160, 0.11889444158728067112884730796}, 
0.934231883409977742771718097495,-.35666621373525941754383133090}, 
{0.66105657777196398922349871273,-0.75033605869931329446273966853}, 
0.23610222281043940655234928498,-0.971728223519297408894326268022}, 
{-0.23610222281043940655234928498,-0.971728223519297408894326268022}, 
{-0.66105657777196398922349871273,-0.75033605869931329446273966853}, 
{-0.934231883409977742771718097495,-0.35666621373525941754383133090}, 
{-0.992906899844919349650562971160,0.11889444158728067112884730796}, 
-0.823609802556787025988979107088,0.567156850555796682098765432099}, 
{-0.465211322650364625613779814349,0.885199652777777777777777777778}} 
 

                              

The web is shown below. Even though this is a good approximation to the regular case, there are 

still small gaps between the rings of „Dads‟ . This means that the inner star region is not invariant 

and points can escape from this region. There will be similar gaps between the Dads in the outer 

rings, so there is nothing to prevent points from diverging and it is likely that unbounded orbits 

exist. 

 



H0 =W0[8,.01,0]; (*generate 100 points on each forward edge to length 8*) 
Web =Flatten[Table[V[H0[[k]],200],{k,1,Length[H0]}],1]; (*iterate each point 200 times*) 
box[{0,0},10];Show[Graphics[{poly[Mom],AbsolutePointSize[1.0],Blue,Point[Web] },PlotRange-
>{{left,right},{bottom,top}}]] 
 

                   

Below is the First Family for the regular case. Since these canonical „resonances‟ still exist in the 

D ̈rer 13-gon, these family members survive, but they are no longer regular. This implies that 

there is little chance of further generations because secondary resonances are easily destroyed. N 

= 13 is a 4k+1 prime so there will be endless chains of „Dads‟ and „Moms‟ converging to the 

GenStar point (marked above with the arrow). These chains will contain perfect scaled copies of 

Dad and Mom, but the rest of the families will not be scaled versions of the First Family. See 

N13Summery. 

                   

 



Below are S[1] and S[2] which would normally be regular 26-gons. The regular case is shown at the 

bottom. 

 

 

 

 

 



Appendix: D ̈rer’s Trisection 9-gon 

In Durer‟s Polygons we showed that if D ̈rer had applied his trisection method with a 60° angle, 

he would have obtained  0.34906100250062778410 in radians which is  19° 59' 59.00005" 

instead of the exact 20°. Here we double this angle and generate the corresponding 9-gon and 

analyze it using the Tangent map: 

Theta = 0.34906100250062778410; M1 = Table[RotationTransform[-k*2*theta][{0, 1}], {k, 0, 4}]; 
M2 = Reverse[Table[RotationTransform[k*2*theta][{0, 1}], {k, 1, 4}]]; Mc = Join[M1, M2]; 
 
Mc= { {0, 1}, {0.64278018224531344955,0.76605067542081158878},  
{0.984804385512269466683,0.17366727462536325688},  
{0.86603994711278923812,-0.49997480937030939516}, 
 {0.3420565873420428195,-0.93967935544839731889},  
{-0.3420565873420428195,-0.93967935544839731889},  
{-0.86603994711278923812,-0.49997480937030939516}, 
 {-0.984804385512269466683,0.17366727462536325688},  
{-0.64278018224531344955,0.76605067542081158878}} 
 

The 8 symmetric sides of this polygon have length ≈ 0.6840311755748979183 compared to the 

actual of SideFromRadius[1, 9] ≈ 0.6840402866513374660, so each of these sides is short by 

about .0000091. To make up for this, the base is a little long at 0.684113174684085639.  

 

It is not surprising that the large-scale web looks similar to the regular case, but even a modest 

zoom shows differences. The generation scale factor for the regular 9-gon is about .064 so a 5-

decimal place error takes a few generations to filter down. The plot below would be hard to 

distinguish from the regular case, but the enlargement at the arrow begins to show differences.  

 



The plot below shows the same region used earlier for the D ̈rer 9-gon. The dynamics here are 

much closer to the regular case, but there are still some major differences. Each generation 

deviates further from the self-similarity of the regular case. This is most evident in the central 

region of this plot. 

 

 

The actual is shown below. There are two invariant regions shown here. The central region is 

self-similar while the outer region supports more complex dynamics. This is a theme that runs 

throughout the regular 9-gon. 

 


