DynamicsOfPolygons.org

Projections, pinwheel maps and
arithmetic graphs


http://dynamicsofpolygons.org/

For some mappings f there are advantages to working with the 'return’ map /. For the Tangent
Map, ©° (p) =p + 2(Cx—C;) where C; in the initial corner and Cy is the return corner. Therefore
orbits of the return map are determined by sequences of vectors based on first differences of
vertices of the polygon. Below is an example with the regular heptagon N = 7. By convention
vertex vl is at the top:

P

?(p)=p+2(v4-vl)

This provides a way to 'unfold' a complex orbit, by taking the vertices of the N mod k where k is
relatively prime to the number of vertices. When k = 1 the 'null' projection is the return orbit as
shown above. We call this the P1 projection. When k =2 , the vertex set {1,2,3,4,5,6,7} maps to
{1,3,5,7,2,4,6}, so the 'redirected' vector is v7-v1 as shown below. This is the P2 projection of p.

/

When k = 3, the new vector is v3-v1. This yields the P3 projection of p

These projections can be defined for any polygon. Recall that the vertices of a regular n-gon are
the n roots of unity, so they are members of the cyclotomic field Q(¢) where (=e*™" The
Galois group of this field consists of the conjugates of ¢ so it is isomorphic to Z/Z,. This means

there are EulerPhi[n]/2 independent projections, so N =7 and N =9 have 3 projections and N =
17 has 8.



The algorithms are computational efficient and easy to implement because the only input is the
set of vertices (corners) visited in an orbit. (Note that by dropping the first corner in such a list
we obtain the matching 'odd' orbit so no information is lost.)

Below is an example with p0 = cS[1] ={-0.8677674782356,-.69202147163009}. This is the
center of the canonical S1 bud on the edge of M as shown below. It has a trivial Step-1 orbit so
the vertex setis {6,7,1,2,3,4,5,6,7,1,..}. This orbit is period 7 but we will need at least 14
vertices because the projections take them in pairs:

The P1 projection is the return orbit of p. To do this manually just take the elements of the vertex
set in pairs: pl=p0 +2(v7-v6) and then p2 = p1+ 2(v2-vl), etc. The P2 and P3 projections use
the same method, but they remap the vertices.

Below are the three projections for p0. For regular polygons, periodic orbits will yield periodic
projections with the same prime period, but for other polygons, the P1 projections may have
asymmetric periodic orbits so the remaining projections will be periodic without being closed —
just like Sin[x] — which is a projection of the circle.
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There is usually one projection which does the best job of 'unfolding' an orbit and in this case it
is P3. These projections can get quite large, but they cannot be unbounded unless the orbit is
unbounded. For a regular polygon, unbounded orbits do not exist, but we can these projections to
track the development of generations.



The Code:
Projections = Module[{},Tx = Range[HalfN];Wc=Range[HalfN];
Tx=Table[Table[Mod[j,npoints,1],{j,1,npoints*k,k}],{k,1,HalfN}];

Wce=Table[Table[Mc[[Tx[[Kk]I[[jlI],{j,1,npoints}]|,{k,1,HalfN}];
(*remappings of vertices of Mom*)

IND[q_,maxn_]:=Module[{Ind=Range[maxn]},V|[q,1];Ind[[1]]=Mod[cc,npoints,1];
St=Vp|q,maxn];

For[s=2,s<=maxn,s++,Ind[[s]|=Mod[Ind][s-1]]+St[[s-1]],npoints,1]];

Return[Ind]];

PIM|[q_,n_,j ]:=Module[{Pim=Range[n]},Pim|[[1]]=q;
For[s=2,s<=n,s++,Pim[[s]]=Pim[[s-1]]+2*(Sum[(-1)*k*Wc[[j]][[Ind][[Kk]]]],{k,2*s-3,2*s-
231

Return[Pim]];

The Tx matrices are simply the remapped indices: so Tx[[1]] is {1,2,3,..npoints} with no
remapping, and Tx[[2]] would be the mod 2 version of this list. The Wc's convert these indices
into vertices, so W¢[[1]] is just M To see the remappings, just plot the Wc's as shown below

GraphicsGrid| { Table|Graphics[poly[W¢[[k]]]],{k,1,3}]},Frame->All]

/N

Example 1: As a first example we will use the same point from earlier: ql= cS[1] = {-
0.8677674782351162409515,-0.69202147163009586962781489}. This point is period 7 so the
projections are also period 7 but they visit 14 vertices.

Ind = IND|q1,14] = {6,7,1,2,3,4,5,6,7,1,2,3,4,5} (*PIM|[ql,7,1], PIM[ql,7,2] and PIM[q1,7,3]
will take these in pairs and generate the three projections. We usually plot P1 as points and the

remaining projections as lines.The 'poly' command below is the same as the 'Line' command in
Mathematica, but it joins the first and last point.*)



k=17,

GraphicsGrid[{{Graphics[{poly[Mom],AbsolutePointSize[3.0],Blue,Point[PIM|[q1,k,1]]}],
Graphics[{poly[Mom],Blue,AbsolutePointSize[1.0],poly[PIM|[q1,k,2]]}],
Graphics[{poly[Mom],Blue,poly[PIM[q1,k,3]]}]}},Frame->All]

Example 2: cMom[2] = CFR[GenScale”2] = (1-GenScale”2)*GenStar =
{-3.89971164872729442807252673198,-0.890083735825257617155610257987} Period 98 so
the projections have period 49.

k = 49;

O




Filtering Projections

Example 3 On the left below is a vector image of the region around S1 (also known as S[1]).
Since S1 is identical in size to D1 at GenStar, it is not surprising that S1 is supporting a M2 and
the third generation family on the edges, but these families are at odds with the local dynamics,
and the arrow points to a region with very complex dynamics:
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This 'chaotic' region is shown below.The local dynamics around D[4] are normal but they break
down in the central region creating small scale dynamics which are unlike anything from
previous generations. We will generate the first 500,000 points in the projections of q - which
may have a non-periodic orbit. The coordinates of q are: {-0.91016767268142,-
0.48142749695086559}
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To get 500,000 points in the return orbit of q, we will need 1 million points in the corner
sequence:



Step 1: Ind = IND[q,1000000] = {6,7,1,2,3,5,7,2,4,6,...} These are the corners (vertices) visited
by the full orbit. (about 1 minute)

Step2:P1= PIM|[q1,500000,1]; P 2 = PIM|[q1,500000,2]; P3=PIM|[q1,500000,3] (about 10
seconds each)

PIM reads the vertices from Ind in pairs and generates the three projections. (Since q is on the
top of S[1], it is no coincidence that the first 5 vertices in IND match those of the S[1] center.)

The P1, P2 and P3 projections are shown above. P1 is plotted as points and the non-trivial
projections are plotted as lines. In each plot the initial point q is shown in pink. The orbit of q
may be non-periodic but it is clearly not dense in the inner star region and we can see the uneven
density. N = 7 has two invariant regions distinguished by their step sequences. (This region has
sequences with 1-step and 2-step while the outer region has 2-step and 3-step.) The P2 and P3
projections are on a much larger scale: P2 is about 3700 units high and P3 is comparable.

The P2 and PS5 projections are still tightly folded and we can improve this by filtering them to
reduce the 'noise’

On the left below is the 'template' with defines Generation 1 for N = 7. We will crop the P1
return orbit to the Generation 1 region to the left of Mom. The cropped P1 points are shown on
the right.This reduces the original 500,000 points to 102,048 stored in CropP1.

It makes sense to crop P1 points because they are just accelerated orbits, but it makes no sense
to crop the non-trivial projections. We need to crop the indices instead of the points. P2 and P3
are based on the same index set as P1, so we can crop P1 and generate a revised set of indices at



the same time. To do this re-write the Crop routine as shown below and store the new indices in
Ix:

Cr[L_,xmin_,xmax_,ymin_,ymax_|:=Module[{smax=Length[L],SD=Range[Length[L]]},Fo
r[s=1,s<=smax,s++,SD[[s]]=s;

If[L[[s,1]]>xmax|[L[[s,2]|>ymax,SD[[s]|=0];

If[L[[s,1]]<xmin||L[[s,2]]<ymin,SD][[s]]=0]];

Return[SD]]; (*used in Crop below *)

Crop[L_,xmin_,xmax_,ymin_,ymax_|:=Module[{},SD=Cr[L,xmin,xmax,ymin,ymax|;
Ix=DeleteCases[SD,0];Return[L[[Ix]]];]; (*crops points to whatever rectangular region you
specify*)

CropBox[A_]:=Cropl[A,left,right,bottom,top]; (* crops to current values of left,right,
bottom, top*)

Example: (assume some crop region has been set)

Ind = IND[q, 5000]; P1 = PIM|q, 2500, 1]; K= CropBox|[P1];
This generates an index set Ix showing the cropped indices of P1: Ix = {1,2,8,9,16,17,25,...}
These will be the indices for the cropped P2: P2Crop = P2[[Ix]]

If we do this for the invariant region on top of S1, the filtered points will be a uniform subset of
the original points. Below is a portion of the original P2 in black the filtered P2Genl in
magenta. The filter ratio here is about 5 to 1. More extreme filtering gives insight into the small
scale structure and we have filtered down to 7 generations.




Generation Filtering

Above we showed an example of an orbit filtered to the first generation. For 4k+ 1 prime
polygons and for N = 7, we can filter each subsequent generation. If we start with a periodic orbit
such as a M[k] or D[k] and filter it by generations, the cropped points retain the symmetry of the
periodic orbit and the individual projections are 'periodic'. Here is an example:

Example: The filtered orbit of M[4] in Generations 5 through 1 for N=7

By definition, M[4] is matriarch of the 5t generation at Gen Star so she is fixed point as shown
on the left below. In the 4™ generation she has a (return) orbit of period 3 and in the 31
generation she has period 13. Subsequent generations yield periods of 205 and 2115. Her
unfiltered (return) period is 8743, so her traditional period is 8742-2 = 17484.

When we carry this out for the remaining even generation Ms, these same values reaccur —
which enforces the view that the generations are self-similar. In odd generations, the sequence
above is replaced with 1, 4, 54 , 256, ... as shown in the table below

Period of Projections of M centers

No Filter Genl Gen2 Gen3 Gen4 | Gen5 | Gen6 | Gen7
M [0] N/A N/A
M [1] 14 4
M [2] 49 13 3 1
M [3] 1106 266 54 4 1
M [4] 8743 2115 205 13 3
M [5] 216734 51990 | 4874 266 54 4 1
M [6] 1741397 417769 | 39043 | 2115 205 13 3 1
M [7] 43319962 969110 | 51990 | 4874 | 266 54 4
M [8] 348263951 417769 | 39043 | 2115 | 205 13

Returning to M [4], it is an easy matter to crop the indices of the period 8743 return orbit to any
subsequent generation, For example the 13 Generation 3 points shown above have indices:



1, 166, 1171, 2341, 2506, 3511, 3899, 4846, 5234, 6239, 6404, 7574, 8579, 8744 (=1)}. The
periodicity becomes apparent by taking first differences: {165, 1005, 1170, 165, 1005, 388, 947,
388, 1005, 165, 1170, 1005, 165}

Below is a shorter table showing the geometry of the major projections.

P2 Projections of M[K] centers - and their periods
No Filter | Genlfilter | Gen2 filter | Gen3 filter | Gen4 filter
M| O O
14 v 4 1
M[2]
M[3]
M[4]
M[5]
216734
M[6]
1741379 417769 39043 2115

For a given M[k], each projection provides the scaffolding for the next. These projections are
‘uniform’ subsets of each other so the overall scale is unchanged between generations. For
example below in blue is the period 13 orbit of M[4] in Generation 3 overlayed on the period
8743 final orbit.



These tables point toward a structure that may allow us to fully analyze the evolution of the Ms.
This would be an important step toward analyzing the global dynamics. It seems that every M[k]
follows the same periodic evolution which depends only on whether k is even or odd. Using each
generation as a 'filter' they all have the 'same’ dynamics. This could yield a proof of the self-
similarity for even and odd generations, but more importantly it may be a tool for analyzing other
polygons. Of course generation filtering can only be used for polygons with well-defined
generation structure. This should include all regular 4k+1 prime polygons and maybe a few more
'strays' like N = 7 and some of the composites.

There are two ways to get the entries in the table. For example to get the M[7] Gen4 entry, we
could track the orbit of M[7] for a few million iterations and crop the P1 points to Gen4. This
would yield cropped points with period 4874. Or we could back up to Gen2 and generate 100
million points (5 or 6 hours) to get P1 points with period 969110, and then cropping these (a few
seconds) would give all the other periods. The P2 and P3 projections would be 'free' as long as
we kept track of the indices. To verify some entries we did both methods.

Below are the P2 projections for M[7]. She is the matriarch of Generation[8] so the periods of
the projections are 1(Gen8) -> 4 (Gen7) -> 54 (Genb6) -> 266 (GenS) ->4874 (Gen4) -> 51990
(Gen3) -> 969110 (Gen2). These projections all retain the original symmetry and each generation
becomes the scaffolding for the next. The scale for these plots is 1820 by 1820. The composite
below is an overlay of generations 2-5.
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Playing these backwards from Generation 8 shows how M[7] evolves and may enable us to
explain the 8 and 25 ratios which occur in the limit. It appears to have its origin in the 4-3
alternation. The corresponding difference equations will be complex, but they might be
prototypes for 4k+1 prime polygons in general.



Examples of Projections for N =17

(1) To get an idea for the scale of these projections, on the left below are the first 200 points of a
P2 projections for N = 17. The initial point is the red dot next to M. The plot on the right is a
continuation showing 1200 points

(i) N = 17, P3 projection, 1,000,000 points - about 10,000 units wide. Green dot is the initial
point.

(111)) N =17: PS5 projection 500,000 points (5000 by 3000 units)



These projection have regions of large-scale and small scale symmetry and some orbits contain
long episodes of self-similarity. This is the case with the non-periodic orbits for N =5 and N =8
where the projections reflect the self-similarity of the web.When one projection has symmetry all
the projections reflect this symmetry because they are based on the same N-dimensional lattice
of points.

(iv) As a token non-prime polygon we show some projections for N = 9. Below is the P2
projection of a point from generation 2 - first 10 points then 1,000,000

\

This orbit has the type of large scale 'coarse' self-similarity which occurs in the non-periodic
orbits for N =5 and N = 8. The last plot has a scale of 12000 units but it is beginning to fold
over.

To see what happens with a redundant projection such as P3 - note that the corresponding vectors
are {1,4,7,1,4,7,1,4,7} and these vectors form an isosceles triangle:




Below is the first 50 points of a typical orbit and its continuation. These orbits repeat and branch
in a non-trivial fashion. The first 50 iterations cover just 12 points.

(v) N =11. The initial point is a very 'energetic' point from the inner star region translated out to
its clone in Ring 5 (the 5th ring of Dads)

ql = cMomS5 + {-4.9436099727500458556, 1.2334682641819547871}
={50.697612201437740822, 1.233468264181954787}

Below are the first 500,000 points in the P2 projection with scale 1500 by 3700. The red dot at
top is q1 and Mom is just a small speck to the left of this dot.



We were working in Ring 5 to see the effects of the added rotations around Mom. This
'rotational noise' can be filtered out by confining our work to a single 'strip'. These are called
Pinwheel Maps and they were used by Richard Schwartz to prove results about unbounded
orbits. He showed that there is a bijection between the unbounded orbits in Pinwheel dynamics
and Tangent Map dynamics.

The Pinwheel maps are difficult to implement but worth the effort. We give the code below. On
this scale it would be impossible to say whether the map above was a Pinwheel Map or one of
our interior Projections, but on smaller scales the Projections show extra 'embellishments' due to
the lack of filtering. Below is a comparison using Example (i) from above. On the left is the
(unfiltered) P2 projection for N = 17 and on the right is the Pinwheel Projection. The P2 plot
contains 100 points vs. 45 for the Pinwheel.



The last example below is a P7 projection from N = 17 which we animated: q1 =
{62.8600363226212967, 0.4155333530849855}-cMomS5 is the green dot. This is a symmetric
interlude of 17926 points cropped from 500,000 .

The animation is accelerated by taking every 4th frame. The resulting frames are animated in 5
segments of about 1000 frames each. (Default is 15 frames per sec.)

TD = Table[Line[{P7[[Kk]], P7[[k + 1]]}], {k, 1, 17926}];
Drawlk | :=
Show|Graphics[{RGBColor[0, 0, 1], L[Mom], RGBColor[0, 0, 0],
Drop[TD, k - Length|[TD]], AbsolutePointSize[0.0001],
Point[{v1}]}]];
Tx = Table[Draw][k], {k, 1, 4000, 4}]; (*Do 5 of these and join with Adobe Premier*)
Export["N17P7ptl.avi", Tx, ImageSize -> {720, 480}];



Pinwheel Maps

Below is the large-scale structure of the web for N = 7. The first ring of D’s we call Ring 0. This
ring forms the boundary of the star region where all orbits are concatenations of 1-step, 2-step or
3-step. The first 4-step appears only outside the first ring. For example, the first S2 outside has
step sequence (333334) which is period 42. All of the rings can be characterized in a similar
fashion. The D’s in Ring 0 have step sequence (3) and the D’s in Ring 1 have step sequence
(334). Each new rings adds another (34) to the step sequence. Therefore the periods of the
centers are 7, 21, 35,...

Each ring has dynamics which are conjugate to the central star region, so we can take any point
of interest in the central star and transpose it to a 'clone' in Ring k (and conversely). The new
point will have conjugate dynamics and we can use the D’s periods to formulate the conjugacy.
This means that for regular polygons, there are no advantages to working in the outer rings, but
we can use these regular polygons as testing grounds for non-regular polygons, where the ring
structure is irregular and does not necessarily limit the dynamics. As indicated earlier Richard
Schwartz used Pinwheel maps and the associated Arithmetic Graphs, to prove the existence of
unbounded orbits for the Penrose kite.

Below are the 14 Pinwheel strips for the regular heptagon. They correspond to the 7 return map
vectors and their negatives. The strips mark the transitions between vectors.




The Pinwheel map restricts the dynamics to just one strip, and we will usually choose a
horizontal strip. Next choose a ring for the initial points. For a regular polygon the Pinwheel
dynamics will be identical no matter what ring we choose - as long as the ring is far enough out
so that it intersects all 14 of the strips (This condition can be dropped but it makes the
programming easier.). We will use Ring3 to demonstrate.

The ring spacing is -2*cS[3][[1]]= 2* 4.381286267534823072404, (Recall that S[3] is D so
the Ring 3 'origin' is at {6*4.381286267534823072404,0} as shown on the strip below.

Mom Ring 3 origin

Suppose we choose an initial point in Ring 3 such as Pin[0]= ¢S[2] + Ring 3 origin. We can use
the Pinwheel strips to find the 'return' points: Pin[1], Pin[2], etc: This is the Pinwheel orbit.

Step 1: For iteration j+1, use the step sequence of the jth point to find M[j,i] where M[j,i] is the
number of (consecutive) occurrences of vector V[[i]] in the return orbit. (An example is shown
below)

Step2: To find the displacement vector for iteration j+1, multiply these M's by the corresponding
V's: PinD[j] := Sum[M][j, i]*V[[i]], {i, 1, 14}]

Step 3: Pin[j+1] = Pin[j] + PinD[j]

Below is the orbit of this point which is the Blue dot on the horizontal strip. This is Pin[0] and
the first 'return' point is the Green point which is Pin[1] = Pin[0] + M[1, 1]*V1 + M[1, 2]*V2 +
M[1, 31*V3 + M[1, 4]*V4 + M[1, 5]*V5 + M[1, 6]*V6 + M[1, 7]*V7— [(M][1, 8]*V1 + M[1,
91*V2 + M[1, 10]*V3 + M[1, 11]*V4 + M[1, 12]*V5 + M[1, 13]*V6 + M[1, 14]*V7)]




This point has a Pinwheel orbit which is period 3.This reflects the fact that it is period 7 back
home. No matter what ring we chose past Ring 2, the corresponding S[2] center will have
Pinwheel period 3.

Once the proper vectors are found, the rest of the programming is easy. For N = 7, the vectors
are: V1 =2*(vl - v4);V2 =2*(v7 - v4);V3 = 2*(v7 - v3);V4 = 2%(v6 - v3);V5 = 2%(v6 - v2);
V6 =2*(v5 -v2); V7 =2%5 - vl) and then V8 = —V1, V9 = —V2, etc.

The algorithm that we use for the M's does not depend explicitly on the V's - it just depends on
the step sequence of the orbit, which is the corners advanced on each orbit.

Stepl. To find the M's for k points in a Pinwheel orbit, generate n= 2k* 14 terms in the step
sequence of the 1 orbit of p0

Step[p0,n]={3,2,3,2,3,2,2,3,2,3,2,3,2,2,3,2,3,2,3,2,2
3,2,3,2,2,3,2,3,2,3,2,2,3,2,3,2,2,3,2,3,2,3,2,2,3,2,3....}

(98]
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Step2: Take every other term in the Step sequence.

Table[Step[pO,n][[j]], {J, 1, n, 2}] =
{3,3,3,2,2,2,2,3,3,3,2,2,2,2,3,3,3,2,2,2,3,3,3,2,2..}

Step3: Regroup these into sub-strings using the Split command

Pinwheel[p0,k] = Split[ Table[Step[pO0, k][[j]], {j, 1,n, 2}] ] =

{{3,3,3},12,2,2,2}, {3,3,3},{2,2,2,2}, {3,3, 3}, {2, 2, 2}, {3, 3,3}, {2, 2},..}
Step4: Tally the length of each sub-string in groups of 14

M[j_, k ] := Length[Pinwheel[p,k][[14*( - 1) + k]]];

These steps can be combined together to get a single function for M[j,k] and this same function
would work for any convex polygon since the input is just the step sequence of p. It is very fast
since Mathematica is optimized for list manipulation.

Example: In the Tangent Map notebook, the Step function is called Vp:

P1= Vp[q1, 100000]; P2 = Table[P1[[j]], {j, 1, 100000, 2}];
P3 = Split[P2]; M[j_,k_]:=Length[P3[[14*(j-1)+k]]];

PinD[j_|:=Sum[M|},i]*V[[i]],{i,1,14}];
PIN[q_,n_]:=Module[{Pw=Range[n]},Pw[[1]]=q;

For[s=2,s<=n,s++,Pw][[s]|=Pw][[s-1]]+PinD[s-1]];
Return[Pw]];

For a non-trivial example, we will use the Ring 3 version of q from the chaotic S1 region above:



ql ={-0.91016767268142,-0.48142749695086559}+ Ring 3 origin.

P1=Vp[q1,1000000];P2=Table[P1[[j]].{j,1,1000000,2}]; P3=Split[P2];
Graphics|[{Blue,Point[PIN[q1,10000]]}]
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This is the Pinwheel orbit of q1, which is conjugate to the orbit of the original point q, so we
have no new information about ¢, but with a small change in the algorithm we can generate
Pinwheel projections to match those we did earlier.

Pinwheel Projections
One way to remap the vertices is to rewrite the V's in terms of the canonical R’ basis vectors:

el=UnitVector|[7,1];e2=UnitVector[7,2];e3=UnitVector|[7,3];e4=UnitVector[7,4];e5=UnitVe
ctor|[7,5];e6=UnitVector|[7,6];e7=UnitVector[7,7];

Vu=Range[14]; Vu[[1]]=2*%(el-e4);Vu[[2]]= 2*(e7-e4); Vu[[3]]= 2*(e7-e3); Vu[[4]]=2*(e6-
e3); Vu[[5]]=2%(e6-e2); Vu[[6]]=2%(e5-e2); Vu[[7]]=2%(e5-el); Vu[[8]]=-Vu[[1]]; Vu[[9]]=-
Vu[[2]]; Vu[[10]]=-Vu[[3]]; Vu[[11]]=-Vu[[4]];

Vu[[12]]=-Vu[[S]]; Vu[[13]]= - Vu[[6]]; Vu[[14]]= - Vu[[7]];

M]j_.k_]:=Length[Psplit[[14*(j-1)+k]]]; (*same as earlier*)
PinDu[j_]:=Sum[M]j,i]*Vu[[i]],{i,1,14}]; (*now we can use any of three vertex maps*)

PinD[j_]:=PinDulj].{v1,v2,v3,v4,v5,v6,v7}; (*the 'dot' product™®)
PinD2[j_]:=PinDul|j].{v1,v3,v5,v7,v2,v4,v6};
PinD3[j_]:=PinDulj].{v1,v4,v7,v3,v6,v2,v5};

PIN2[q_,n_]:=Module[{Pw=Range[n]},Pw[[1]]=q; (*P2 projection*)
For[s=2,s<=n,s++,Pw][[s]]=Pw][[s-1]]+PinD2[s-1]];
Return[Pw]];

PIN3[q_,n_]:=Module[{Pw=Range[n]},Pw[[1]]=q; (*P3 projection*)
For[s=2,s<=n,s++,Pw][[s]]=Pw][[s-1]]+PinD3[s-1]];
Return[Pwl]];



Example: To get the P2 and P3 projections for q1, use the same raw data as above:
Graphics[{Blue,Line[PIN2[q1,10000]}]; Graphics[{Blue,Line[PIN3[q1,10000]}]

As expected, these are very similar to the projections we did above using our algorithm. Below is
a small scale comparison of our P2 projection (on the left) and the Pinwheel P2 projection. The
ratio of points is about 2 to 1. We can see the 'embellishments' that arise from not filtering the
data. To see the scale, M is shown at the bottom left.

Graphics[{L[M],Blue,Line[PIN2[q1,50]],Red,Line[PIM][q,100,2]]}]
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Below are the P3 projections:

(

Graphics[{L[M],Blue,Line[PIN3[q1,25]],Red,Line[PIM]q,44,3]]}]
o - /
‘é% e

-



Arithmetic Graphs and Unbounded Orbits

These Pinwheel projections are graphical representations of the dynamics of the Pinwheel map.
Richard Schwartz calls them Arithmetic Graphs. So an Arithmetic graph G is a polygonal
representation of a Pinwheel orbit obtained by mapping the primary strip to R 7. We view G
only through the various projections. G is a lattice graph because the M's are integers, so G < Z"
These 14 M's are a measure of the 'time' that the orbit spends on each of the 14 polygonal edges,
and when they are all rational multiples of each other the polygon P is called quasi-rational'.
Lattice polygons are quasi rational.

When the polygon P is a Penrose kite, there are points p such that the Arithmetic graph G(p) is
'coarsely-self similar' in the sense that a rescaled limit is self-similar. Richard Schwartz used this
fact to prove that such p have unbounded orbits.

Theorem: For a convex polygon with no parallel sides, the Pinwheel map has unbounded orbits
iff outer billiards has unbounded orbits.

Example. Below is a rotated and scaled version of the Penrose kite. The vertices are
N +2- s o) -1 ) e

The kite is shown in black below surrounded by its local web

=

Below are 75,200 points in the projection using the unbounded orbit. The initial point at top right
is {5315.44589082696808161, 1.4458908269680816108}. (On the strip.) The last point is {-
4022.5887902040,-2772.58879020406} .



(The P1 version of this point is still on the strip.) At this distance, the 'hits' on the strip take many
iterations so it took about 3 billion iterations to get these 75,200 points. This is the beginning of a
large-scale self-similar fractal structure.
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