
Hi Richard, 

This pdf is about 3Mb in size. There is a version with high-resolution embedded graphics but it is 
about 36Mb in size and too large for an attachment. It is available at my web site at   
http://www.dynamicsofpolygons.org/PDFs/OctopetProjectionsFull.pdf 

(Acrobat has an annoying default of  ‘Open cross-document links in the same window’ and this 
provides no easy way back to the  main document after clicking on a link to a graphics image. I 
always uncheck this default under Edit->Preferences->Document.) 

The algorithms I use for projections work for any polygon, so I have been looking at projections 
for the semi-regular cases. Below is a comparison of the N = 8 regular case with the N= 8 semi-
regular case Os for s = √3/2 – ½.  

           P1, P2 and P3 Projections for N = 8            P1, P2 and P3 Projections for Os 

  
 

You are very familiar with the projections for the regular case – which you analyzed in ‘Outer 
Billiards, Arithmetic Graphs and the Octagon’. The N = 8 plots shown here are based on the 
‘canonical’ sequence of tiles converging to the point that I call ‘GenStar’, or the equivalent 
sequence converging to the star[1] point. For Os I used the matching sequence as shown below. 

The Os projections are based on the sequence pi that starts at S[2] and converges to the star[1] 
vertex of Os as shown below. This is the same sequence that we discussed earlier – with periods 
4, 32, 228, 1344, .. The magenta plot below shows a portion of the orbit of p8 and of course it 
matches the P1 projection shown above. It is surprising to see how closely it resembles the P3 
projection. 

       

http://www.dynamicsofpolygons.org/PDFs/OctopetProjections.pdf


Below are enlargements of the Os projections P2 and P3 showing the evolution from p4 

(magenta) to p5 (blue) and then p6 (black) 

 

 



These projections have an amazing ability to show the underlying structure in an orbit. From 
looking at the Os plots, I could see no connection with the N= 8 regular case, but these 
projections tell a different story – and I would not be surprised if there was a conjugacy relating 
these two orbits. 

I would really like to know if there are any members of the N= 8 semi-regular family with 
multiple scaling sequences – because I believe this would imply the existence of an infinite 
number of such sequences – as in the N = 7 case.  

From a survey of the N = 10 semi-regular family (details below), it is clear that almost all 
members have multiple scaling sequences and one of the sequences appears to be conjugate to 
the canonical case of N = 5 or N = 10. This may imply that the ‘norm’ for this family is multi-
fractal structure – even though N = 10 is certainly not multi-fractal. 

Comparing the N = 10 family with the N = 8 family may be doomed to failure because the twice 
even and twice-odd dynamics are usually very different. Probably the best comparison for N = 8 
would be N = 12 – but that will have to wait. 

The graphic on the next page summarizes the semi-regular family or N = 10. Since the regular 
cases for N = 10 and N = 5 have convergence of decagons and pentagons to the GenStar  point 
and the star1 point, these are natural regions to ‘probe’ for the semi-regular cases. The magenta 
points in the graphic below are 200,000 points of a ‘typical’ orbit in the neighborhood of 
GenStar and the red (or orange) points are similar probes using the star1 point. (The variation in 
color of the magenta or red orbits is actually significant because these orbits are plotted on top of 
a blue web and the degree of color mixing shows the density of the orbits.) 

In almost all cases, the GenStar orbits mimic the simple fractal dynamics of N = 10, but the star1 
orbits tend to be very irregular (click on the ρ = .25 case below for a sample). This irregularity is 
driven by a lattice of offsets which start with the first iteration of the web. The shear on the 
horizontal forward edge displaces star points outwards by the edge length s1. In the regular case 
(see ρ = 0 below), this maps star2 to star3 so there is no offset, but when s1 is longer than s2, 
there will be an offset Δ as shown below. This offset evolves on both sides of the central 
pentagon and defines the bounds of the ‘inner star’ region. 

                           

 



 

N10 Semi-Regular Family (click to enlarge) 
( Magenta and Red/Orange are orbits of points in GenStar and star1 neighborhoods) 

  

 
 

  

  



The progression from N = 10 to N = 5 is interesting. As the S[4] tiles shrink, they generate rings 
of congruent tiles – just as in the regular case and in the limit these rings make up the large S[2] 
companion tile for N = 5. The same is true for S[1]. There is no canonical step-3 tile in the 
limiting N = 5 case. The S[3] tile shown above for ρ = .95 , becomes a second generation N = 5 
tile in the sequence converging to GenStar  - so its step sequence changes from {3} to {1,2}. 

In your last e-mail you said that you may look more closely at the Penrose kites. No doubt there 
are many issues that are still unresolved. For example it that there should be an Aubry-Mather 
type of theory that can be used to describe the dynamics of the kites on the border between 
rational and irrational vertices. 

I think we are in agreement about the issue of proving that the semi-regular polygons are 
bounded. The Vivaldi-Shaidenko result is of little value because of the parallel edges and 
Gutkin’s definition of ‘quasi-rational’ is not trivial to verify – so a proof from basic principles 
would seem appropriate. 

I finally sent off the revised version of the arxiv article on Regular Polygons – and once again 
there is a copy available on my web site as well. There are still some issues which I would  like 
to resolve. My definition of a quasi-regular polygon is any convex polygon with at least one 
regular ‘factor’. You said that this class must be of measure zero, but the ‘parent’ polygons here 
do not have to be regular – so I do not understand why this class cannot have positive measure. 

I hope this finds you in good health and good spirits         Regards, The Physics Guy 
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