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Summary of dynamics of the
regular enneagon (nonagon): N=9
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Note: ‘enneagon’ is the historically correct Greek name for a 9-sided polygon, but it is also
common to combine Latin and Greek together to get ‘nonagon’.

N = 9 is the first non-trivial member of the 3 family. The divisor of 3 creates 'mutations' in the
step-3 members of the First Family. However there are chains of D’s and M’s converging to the
GenStar point and the ratio of periods appears to approach 10, so the N+1 rule applies. There is
also evidence of self-similarity starting with generation 2. The template for the First Family is

shown below.

But the actual First Family has two mutations - S[3] and DS[3] as shown in blue below

Vet

The factor graph is shown on the left below and the period 3 orbit of the center of S[3] is shown
on the right. Note that this orbit only ‘sees’ one of the embedded triangles, so the local web
generates hexagons (the D’s for N = 3). The off-center points see two different triangles, so S[3]
is composed of two nested hexagons with slight different radii.

Tile S[1] S[2] S[3] S[4]

Period 9 9 3 9
Mutated S[k] ? N N Y N




N =9 (and N = 18) have cubic complexity along with N= 7 and N = 14. Therefore there are 3
primitive scales — but one is the trivial scale[1] = 1, so the dynamics of N=9and N =7 are
based on just the two non-trivial primitive scales — namely scale[2] and scale[4] for N =9 and
scale[2] and scale[3] for N = 7. This seems to imply that the dynamics in both cases are a
mixture of ‘quadratic —type’ self-similar dynamics (when the overlap of scales is suppressed) and
‘cubic-type’ complex dynamics when the two scales interact. This dichotomy can be seen in the
second generation for N = 18 — with D[1] playing the role as the new D.

N =9 - second generation

AN

step-2 of M[1] (52[2]) step-4 of D[1] (DS4)

3rd generation

The dynamics on the edges of D[1] are very ‘canonical’ but this breaks down in the vicinity of
DS4 so the PM tiles (and the elongated octagons) have no obvious relationship with the First
Family. But we will give evidence to support our conjecture that all the tiles shown here are
‘canonical’. In particular we will show that the mutated DS3, the PM tile and the elongated
octagons are all “‘canonical’. (For convenience we will work inside N = 18 with apothem 1 so the
star points are of the form star[k] ={-sk,-1} where sx= Tan[k*Pi/18,-1} for {k,1,8}].)

- .

PM LS[2] = D[1]

4 step-4 of D[1] 1s same
A size as step-2 of M[1]

Cyan is First Family for DS4 star[2] point of DS3  star[1] point of DS3



(i) To show that the “mutated” DS3 shown above is ‘canonical’.

Note: The mutations in DS3 and DS4 are formed from extended edges of the underlying regular
tile so the vertices of the mutated tiles are known star points. This is true for all mutations
because they result from ‘incomplete’ local webs. Most 2™ generation mutations are based on
identical mutations in the First Family, so the DS3 here is a scaled copy of the mutated S[3] tile
of the First Family. The mutations in S[3] occur because the points in S[3] only ‘see’ a regular
hexagon embedded in N = 18 (so the period of the center is 6 instead of 18).

The side of the mutated DS3 is the distance between star[2] and star[1] of the underlying regular
9-gon. (it is irrelevant which side is used for star points — since they are symmetric.) So sDS3 =
star[1][[1]] + star[2][[1]] = s1 + S of DS3. Star points scale as height (or side), so relative to N
=9, this sum is (s; + s)-hDS3. Therefore

sDS3 = (Tan[n/9] + Tan[2x/9])-hDS3.

Finding hDS3 is easy because back in the First Family for N = 18, any S[K] tile has hS[K] =
GenScale[18]/scale[K], so hS[3] = GenScale[18]/scale[3] and the scale to go from N = 18 to S[2]
(or LS[2]) is GenScale/scale[2], so the side of DS3 is

sDS3 = (Tan[Pi/9] + Tan[2Pi/9])*GenScale[18]%/(scale[3]*scale[2]) ~ 0.00786020
By symmetry all mutated N-gons are equilateral and retain half the dihedral symmetry of the un-
mutated tile. This side length is not in the scaling field because in general the sy are not in the
scaling field, but any sum or difference of star points for a regular N—gon can be converted to a
scaled form by multiplying or dividing by s; — which is half the side of N — so this scales the tile
relative to N. In this case we will divide by s; (of N = 9) to get

sDS3/s; = (s1/s1 + So/s1)*GenScale[18]%/(scale[3]*scale[2])
= (1 + 1/scale[2])*GenScale[18]?/(scale[3]*scale[2])

(But the scale[2] on the left is with respect to N = 9 and we want to work entirely in N = 18, so
scale[2] of N = 9 is scale[7]/scale[5] of N = 18).

So sDS3/s; = (1+(scale[5]/scale[7]))*GenScale[18]%/(scale[3]scale[2])
It is possible to use the scaling field of N = 18 here, but it is more efficient to use the equivalent
Sy - which is generated by GenScale[9]. This can be done inside N = 18 because GenScale[9] is

the same as scale[7] of N = 18.To verify that this scaled side is in Sy :

AlgebraicNumberPolynomial[ ToNumberField[sDS3/s1, scale[7],x] gives
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black is mutated DS3
(unmutated tile is in cyan)
(magent and blue triangles
are regular and share the
"\ same center. The mutated tile is
a Riffle of the two triangles - as in
poker. These Riftles are always
equilateral.)

T

| DS3 (step-3 of ;’(
D[1] for N = 18)

(i) The scaling for the PM tiles is slightly more difficult — because the two star points that define
sPM are in different tiles (but within the same ‘family’). Here the underlying First Family is
relative to the step-4 tile of D[1] — which we call DS4. It can be observed in the vector plot
above that sSPM is the distance between s; vertices of S7 and S5 of SS4. We will do this
calculation back in the First Family of N = 18 — and then scale the result to return to the 2"
generation.

S[7 =
sps| N =18

It is trivial to find the horizontal distance between centers of S[k] tiles because the star points and
scales are relative to these distances.

1 1

star[2] star[4]

d1 = cS[5][[1]] - cS[7][[1]] = Cot[2n/18] — Cot[4n/18]] =
so the side of the First Generation PM is:

(of N = 18)

SFGPM = d1- (sum of s; points of S[7] and S[5]) = d1- s1(hS[5] + hS[7]) (s; of N =9)

1 1

B star[2] star[4]

- Tan[Pi/9]* Genscale[ls](scalle[S * Seate)

11  scale[7]]

This will be much simpler as a scale, so multiply both sides by s; (of N = 18)

) — Tan[Pi/9]* Tan[Pi/18]* GenScale[18]](m;,,[5 * e

11  scale[7]]

1 1
star[2] star[4]

SFGPM*s; = s (

Because of the unique relationship between N and N/2 (for N odd), the product of the s; star
points is GenScale[N/2], so

SFGPM*s; = (scale[2]-scale[4]) - scale[7]GenSCélIG[18](Smlle[5 + eeter)

11  scale[7]

This First Generation PM is plotted below in magenta relative to S[7], S[5] and S[3] (blue). Itis
interesting that hS[3] = hS[5]*hS[7] (but of course the ‘real’ S[3] is a mutated hexagon).
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The second generation where the PM’s first occur, can be studied in the region bordering N = 18,
but over the years we have accumulated much information with N = 9 as the “parent’ tile, so we
choose here to study the second generation at the foot of the maximal D-tile for N =18. Working
in N = 18 allows us to use the Digital Filter map to generate a very efficient web structure. The
scale for the second generation D[1] tile is GenScale[18]/scale[2] — since it is the same size as a
2nd generation S[2]. But this PM tile is clearly related to the step-4 family of D[1], so FGPM
should be scaled relative to hDS4 = hS[4]*GenScale[8]/scale[2] =
GenScale[18]?/(scale[4]*scale[2]) = GenScale[18]%/scale[6] (scales are not typically
‘multiplicative’). Therefore

GenScale[18]°
scale[6]

SPM*sl =

AlgebraicNumberPolynomial[ToNumberField[sPM*s1,scale[7]],X] yields this as a power
series in GenScale[9] so

sPM = _t | ETa [—]T [—]+£Tan[—] Tan[ 1? | =0.0123717824965
Tan[~/18]| 3 3 3
This shows that the PM tiles can be scaled relatlve to N =18 by an element of Sy, so they are

‘canonical’ regular tiles.

(iii) One of the non-regular octagons is enlarged below. The embedded tiles are formed from
rational rotations (kn/18) of the First Family tiles of DS4. Every vertex of the octagon is either a
vertex of a canonical tile or a star point of a canonical tile so this is a “‘canonical’ tile.
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The two external S[2] tiles appear to be “suspended’ but the web is always connected, and these

tiles do indeed contribute star[2] points to define the tip of the octagon (but the local web is very
complex because of the unusual interaction between the scaling of S[1], S[2] and S[3] of DS[4].

That is why this region has traditionally been known as the Small Hadron Collider).

These S[2]’s are really third generation S2[3] tiles and this same extended-edge linkage can be
observed on a larger scale with the “parent’ S2[2] and PM2 in the main plot above. There is a
degree of self-similarity between these generations of S[2] tiles.

The long edges of the octagons clearly depend on the distance between S[5] and S[3] so this
mimics the geometry of the PM tiles. The calculations are very similar to those for PM, and the
surprising result is that back in the first generation, the edge length is simply 2tan(n/9) — which is
the side length of N = 9 in standard position at the origin as shown below.
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unscaled sPM unscaled side =side of N=9
The short edges span the gap between star[3] and star[7] of S2[3] as shown below

Detail of nonsregular octagon in 2nd
/ generation ¢f N = 18

star[3] of S2[3] is a
vertex of octagonal
tile - Dx1

\ First Family
&~ of S2[3]

star[7] of S2[3] is
adjacent vertex
of Dx1




Below is the detail at the vertex. It is not necessary to calculate the distance across to find the
vertex of Dx1, but the distance across is a simple geometric sequence: 2-rS2[4][GenScale +
GenScale® + ...] where rS2[4] = rDGenScale/scale[2]

Detail of non-regular octaggn
Dx1 in 2nd generation of N = 18

First Family
of S2[3] (in

It would také an infinite number of
cyan) ——»

S2[k] tiles/to bride the gap - they
form a géometric sequence

S2[3]

S2[4] (~e——— star[3] of S3[3] is

vertex of Dx1

Dx1

Since S2[3] is a third generation S2 bud, it has radius rD-GenScale®/scale[2]. This implies that
the first tile in the chain above is an S2[4] with radius r = rD-GenScale*/scale[2]. This chain of
virtual and real buds are islands of stability in the chaos surrounding S2[3]. The total gap width
is therefore (2- rD-GenScale4/Scale[2])-(1/(1—GenScale)) ~ 0.00016462823155137031

‘Compound” tiles such as these also exist in the 5™ generation of N = 7 and in the second
generation of N = 11. Often they are composed of two identical canonical tiles whose edges are
linked together — so they could be regarded as a class of ‘compound-mutations’.



S[3] is ‘woven' polygon instead of a regular 18-gon. The blue dots below show that the S[1], S[2]
and S[3] centers are where they should be.

We can find the exact parameters of the two hexagons because they share vertices with S[2] on
the right and DS[5] on the left. The blue hexagon above has radius equal to the distance from
vertex 3 of DS[5] to the S[3] center and the black hexagon is constructed in the same fashion
using vertex 11 of S[2]. The ratio of the radii is 0.954188894138671133499268364

N =7 and N =9 are the first two regular polygons with multiple incommensurate scales and the
minimal polynomial for their vertices is cubic. For N = 9, the dynamics local to S[3] shown
below are typical of the dynamics found elsewhere — namely a mixture of ‘quadratic’ self-similar
dynamics (in red) and highly irregular dynamics (in blue) which is probably multi-fractal. N =7
has a similar mixture.

o ( §12] B bj.\ 4 Slz1
| : 4

We put this 12-gon at the origin to see what the resulting dynamics would be and found that
‘channels’ form allowing points from the star region to migrate outwards (and conversely). This
led to a study of these ‘woven' polygons but it is not clear whether these channels allow for
unbounded orbits. Below is the N = 9 web on the left and the S[3] web on the right.


http://dynamicsofpolygons.org/PDFs/WovenPolygons.pdf
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Below is a scan of the second generation showing just the tip of DS3 on the right. It is a non-
regular hexagon which is formed from a regular 9-gon with 3 extended edges. We have drawn
one of the missing 9-gon edges in black. This phenomenon occurs in other composite regular

polygons.

These mutations do not affect the star points and scales, so the Mathematica notebook will yield:

Regular 9-gon scales

Scale[1] 1
Scale[2] 0.43376283428410288621227469737
Scale[3] 0.21013831273060308486576530162

Scale[4] (GenScale) | 0.064177772475912140809570602222




GenStar ={-5.32926167629204079795031882518,-0.939692620785908384054109277325}
M[0] side = sO =0.684040286651337466088199229365

rD = 1.96961550602441611873348604918

For S[3]: r1=0.6304149381918092545972959049; r2=0.6015349327217411865570875905
and cS[3]={-1.96961550602441611873348604918,-0.34729635533386069770343325354}

One consequence of the additional divisor is that invariant regions are more likely to form.
Below is a small invariant region in blue within the inner star region which is itself invariant. On
the right is a detail of this blue region in the vicinity of star[2]. M is just visible on the right. A
theme that runs throughout N = 9 is regular behavior with self-similarity bordering regions of
irregular behavior. The blue region is highly regular while the black region is ‘chaotic’. However
there are "islands’ of stability within the irregular region. The small step-3 in the black region is
in the correct position relative to S[1], but otherwise S[1] is barren of family structure.

The second generation is shown below. Both M[1] and D[1] are normal but the local dynamics
are clearly not self-similar to the first generation. Five of the S2 buds of M[2] have survived in
their canonical positions, but there are no normal S1 or S3 buds. In the first generation, the S3
buds became ‘woven’ 12-gons and here they mutate further to become regular 9-gons with
extended dynamics which resemble woven polygons. We call them PM’s because they are
similar to the N-gons which arose in the second generation with N = 7. The S1 buds of M[1]
have broken up into two buds and there are four renegade S2 buds, one of which is surrounded
by PM’s.

GenStar
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As in the first generation, the dynamics are a mixture of self-similar behavior (the blue orbit) and
what appears to be irregular behavior (black) - except the ‘irregular’ behavior in the vicinity of
D[1] appears to be quite normal.

As we can see below, D[1] is ‘sheltering’ a 3" generation which appears to be self-similar to this
second generation. The line of symmetry shown here extends from the D[1] center to GenStar.
D[1] has D[2] and M[2] buds which preside over a generation 3 which appears to be self-similar
to the generation 2 shown above. This would imply that there exists an infinite chain of such
generations.

Outside the “protection’ of D[1], the dynamics are far from canonical as shown by the blue
region on the left below. The first plot below shows the stray S2[2] bud of M[1] surrounded by
three Portal M’s. It is fitting that the central bud here is an S2 because the Portal dynamics are
orientated more toward S3 then the ‘mainline’ dynamics of S1 or S2. As indicated above these
PM’s formed in regions which are dominated by S3 dynamics. With N = 7 the only choices were
S2 or S1 and this was sufficient to create havoc. Here with N = 9 there are three scales.

The *wheelies’ on the right below show that there is still a link between the Portal Moms and
‘mainline’ (S1) dynamics. Each of the vertices of the Portal M’s are a perfect fit for a canonical
M[2] and these virtual M[2]’s contribute their S2[3] buds to match those of S2[2]. This accounts
for most of the ‘stray’ S2[2] buds on the edges of the PMs.




Below is another view of this region showing the contrast between the dynamics. Some of the
S2[2] buds are surrounded by very complex dynamics. These seem to be regions where the three
scales collide. (One of these regions is enlarged below)
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Below is the interface between S2[2] and PM. As indicated earlier, the S2[3] ‘wheelies' are also
S2 buds of virtual M[2], and this plot includes the rest of her immediate family, namely the
S1,S2 and S3 buds. These buds also appear on the other edges of the Portal Moms.

This region represents a direct face-off between S2 dynamics represented by S2[2] and the
canonical S1 dynamics represented by M[2]. Of course the virtual M[2]’s are buried inside the
PMs so the S3 dynamics come into play also. The plots below fill in some of the dynamics on the
S2 side. Each of these regions are invariant and their borders contain very complex dynamics.
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The edges of the PM’s are a mixture of predictable dynamics are very irregular dynamics.The
arrow above points to a region with dynamics which are poorly understood. This region is
enlarged below. Compared to N = 7, the dynamics for N = 9 seem to have another layer of



complexity — which is probably due to the fact that N = 9 has three incommensurate scales-
instead of just two for N = 7.

A similar scenario occurs at the face-off between the three non-regular octagons. This is the
region that we call the Small Hadron Collider. It is enlarged at the right and again below. The
central bud is a normal S2[3] and the dynamics here are similar to the dynamics surrounding
some of the S2[3]’s at the vertices of S2[2].

.
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This central S2[3] bud appears to be ‘supported’ by a sequence of its own (virtual) buds, in
which case the width of the gap is determined by the geometric progression: 2r[GenScale0 +
GenScalel + ...] where r = rD*GenScale4/Scale[2] is the radius of the first bud.



( Since S2[3] is a third generation S2 bud, it has radius rD*GenScale3/Scale[2] =
0.00120028128447. This implies that the first bud in the chain above is an S2[4] with radius r =
rD-GenScaled/scale[2] = 0.00007703137918. ). These virtual buds are islands of stability in the
chaos surrounding S2[3]. The total gap width is therefore

(2- rD-GenScale4/Scale[2])-(1/(1—GenScale)) = 0.000164628231551370389606166413.
Below is the first bud in this sequence:

Analysis of N = 9 using the Digital Filter Map and N =18

In the Pdf on Digital Filters we show how it is possible to use the Df map to study the dynamics
of an N-gon (with N-odd) by using the matching 2N-gon.

Below is a portion of a Df plot for N = 9 (using N = 18).
w= 2*Pi/18 ; DfWeb = Flatten[Table[NestList[Df,HO[[Kk]],200], {k,1,Length[HO0]},1];
TsWeb = DfToTs/@DfWeb

Below is a level 10000 web from Df showing generation 2 under the 18-gon D. The dynamics
here are conjugate to the dynamics at the Gen Star point. At the left is the local D[1]. As we saw
earlier, there are signs of a new generation 3 at the foot of D[1]. This new generation appears to
be self-similar to generation 2.


http://dynamicsofpolygons.org/PDFs/DigitalFilters.pdf
http://dynamicsofpolygons.org/PDFs/N9Summary.pdf

The rectangle is enlarged below. On the left is a copy of the *‘Small Hadron Collider” where the 3
irregular octagons meet . We can see the limitations of the web scanning process at this
resolution. Even at very high scan rates, the web still shows many regions unresolved.

The region shown at the arrow is actually a regular 18-gon in the limit but the true boundaries are
hidden from the web because they don't show up until 700,000 + iterations and it is not feasible
to scan the web to this depth. The solution is to supplement the web with local orbits just as we
did with N = 7. The blue orbit shown below is cropped from 20 million points of a single orbit
in Df space.




The Generation 2 plot below is a composite of 4 orbits and the Df web from above.

-0.85

-0.00

The four Df webs of N =9

N = 9 actually has 4 possible Df webs with step size of 1,2,3, and 4. (See the Df Theorem for
Regular Polygons in Outer Billiards of Regular Polygons.)The traditional Tangent map web is
step-1 as shown above and below
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The step-3 web corresponds to 6 = 27(3/18) = 27/6 so this is N = 6. The step-4 web yields a
‘short family” for N = 18 with just the first 4 family members as shown below.

The step-2 web corresponds to 6 = 27/9 so this is an attempt at an‘odd’ rotaton , which is
doomed to failure- just like N = 7. But for N = 7, the step-2 web could be identified as the local



dynamics of the S2 tile of N = 7, but with N = 9 we cannot yet identify the dynamics of the step-
2 web. The step-2 web is shown below with the First Family in magenta.
- _X ?v

Step-2 web

DE:

The S[2] tile of N = 18 survives and this is the same as the S[1] tile of N = 9. This step-2 web
has many of the characteristics of the step-1 web — including a mixture of self-similar dynamics
and irregular dynamics. To analyze this step-2 web it will be helpful to have a good description
of the ordinary dynamics at star[1] of N = 9. To do this we will use the ‘extended’ First Family
of N = 18 as shown below.

The S1 and S2 tiles of N =9 are technically not part of the N = 18 First Family, but all of the N =
9 First Family still exists within the context of N = 18.

extended First Family for N = 18

@@0@0090

star[1] of N = 9 51 and S2 of M

N=18
D)

The dynamics local to star[1] are self-similar and we will describe the evolution here in order to
compare it with the step-2 case. Below is an enlargement showing a sequence of S1 and S2 tiles
converging to star[1] of N = 9. The tiles are scaled by scale[7] of N = 18 and each S1[k] has a
matching virtual N = 9. Note that S[1] does not foster an S1[2] tile directly, but the matching
virtual M has an S1[2] and S2[2] to continue the chain. Note that the dynamics at this star[1]
point of N =9 are replicated on the right side of S1[1] at the foot of S2[1].



N=9

virtual First Family
for S1[1]

S1[2] S2[2]

Below is an enlargement of the region around star[1] of N =9. Once again S1[2] is surrounded
by a comples web with few canonical tiles — but S2[2] has a normal S2[3] and the matching
S1[3] with dynamics identical to star[1].

virtual N =9 - scaled
by scale[7] of N =18

star[1] ,
S o
S1[3] S1[2]

The periods of the centers (in N = 18) are shown in the table below. The periods in N = 9 would
be different but the ratios would be the same. This is the first example of a non-trivial ratio
which is equal to the limiting ratio. Note the proverbial high-low alternation.



Tile S1[1] S1[2] S1[3] S1[4] S1[5]
Period 27 864 17604 345924 6831324
Ratio 32 (exact) | 20.375 19.6503 20 (exact!)

Since star[1] of N = 9 is star[7] of N = 18, the scaling is scale[7 ] = 0.064177 which yields a
local Hausdorff dimension of - Log[20]/Log[scale[7]] = 1.090905. For comparison, the
GenStar[9] convergence has a limiting ratio of 10, so the local Hausdorff dimension there is —
Log[10]/Log[GenScale[9]] = 0.83849330. (Note that the S[k] sequence is a D-sequence and the
GenStar[7] sequence is M-type.)

Below is this same same region using the step-2 Df web. Now there is no S2[1] but the S1[1]
looks like an S2[1] and the tile on the left of S1[1] looks like an S1 tile with the pentagon web.
The local dynamics at star[1] are replicated at the foot of S1[1] and this also mimics the step-1
web with S1 and S2 swapped. So the step-2 web seems to give the Sltile of N = 9 some S2-type
dynamics.

N=9

virtual First Family for S1[1]

Stal‘[l] A/ j 9
\We' . VA A? .
S1[2]

81[3f S]i 2]

clone of star[1]



Projections

N =9 has 3 relatively prime projections but our convention is to show all 4. The triangular P3
projection has its own interesting dynamics, just like the P2 projections of N = 8.

GraphicsGrid[ { Table[Graphics[poly[Wc[[k]]]].{k,1,4}]},Frame->All]

Example 1: ctM[1] = CFR[GenScale]= {-4.98724153296637206490621921050,-
0.87938524157181676810821855465}. Period 54 so projections will have period 27

k = 28; (*use one extra iteration to close the path*)

GraphicsGrid[{{Graphics[{poly[Mom],Blue,Point[PIM[q1,k,1]]}],
Graphics[{poly[Mom],Blue,Line[PIM[q1,k,2]]}],
Graphics[{poly[Mom],Blue,Line[PIM[q1,k,3]]}],
Graphics[{poly[Mom],Blue,Line[PIM[q1,k,4]1}]}},Frame->All]
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Example 2: ¢M[2]= CFR[GenScale”2] ={-5.30731158535171,-0.93582222752408785919}
Period 648. k= 325;




Example 3: 1= {-4.831465967746,-0.870482149074526} which has the magenta orbit shown
below in generation 2.

Below are the first 1,000,000 points in the P2 projection

This orbit has the type of large scale 'coarse' self-similarity which occurs in the non-periodic
orbits for N =5 and N = 8. The plot is very large with a scale of 12000 units but it is beginning
to fold over.



The next example is a P4 projection of an inner star point showing the initial orbit and then

200,000 points. The tiny red dot is the initial point.

Below is the P2 projection of this same point



As expected, the P3 projection is based on triangles, but they repeat and branch is a non-trivial
fashion. Below are the first 50 points of a typical orbit and its continuation. The first 50 iterations
cover just 12 points.
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