
 

 

 

  

DynamicsOfPolygons.org 

Summary of dynamics of the 
regular icosagon: N = 20 

http://dynamicsofpolygons.org/


N = 20 is in the 2k·5 family and of this family 5 and 10 are conjugate, but every member of this 
family has an embedded pentagon in its factor graph (see below), so it is likely that all of these 
polygons have related dynamics – although the relationship may never be known. The N = 4 
factor is also common in this family, starting with N = 20. The S[4] tile of N = 20 has a 
shortened period but the tile is not mutated as it is for members of the 2k family – starting with 
N= 16. N = 32 has mutations in both S[4] and S[8] and no one knows how these first generation 
mutations affect future generations. 

Algebraically N = 20 is in the same quartic family as N = 16 and N = 15. It appears that N = 16 
supports infinite families of families, so there is hope for other quartic polygons. The major issue 
with N = 20 compared with N = 16 is the fact that S2 is mutated and this mutation affects all 
subsequent generations – so the evolution process will be more complex that N = 16 . 

The canonical First Family for N = 20 is shown below. The actual buds will have the same 
centers, but they may be non-regular, depending on the divisors. 

There is no alternation of N-gons and N/2-gons as found in N = 10, so all the canonical family 
members are regular 20-gons.The First Family is symmetric about the central S[8] bud. The  
distinct family members are  S[1] through S[9] (DLeft). The symmetric left-side buds are called 
LS[1] through LS[8]. 

             

Tile S[1] S[2] S[3] S[4] S[5] S[6] S[7] S[8] S[9] 
Period 20 10 20 5 4 10 20 5 20 
Mutated 
S[k] ? 

N Y N N Y Y N N N 

                      

Canonical S[5] orbits will ‘decompose’ into smaller periods whenever GCD[k,N]>1 so there will 
be 5 such tiles for N = 20. These tiles decompose because they only ‘see’ one of the embedded 
regular polygons shown in the ‘factor’ graph below.  

                                                 

http://www.dynamicsofpolygons.org/PDFs/N16Summary.pdf
http://www.dynamicsofpolygons.org/PDFs/N32Summary.pdf


It is more challenging to predict which S[k]’s will have mutated tiles. S[1] never decomposes so 
it is never mutated. When N is twice-odd, the D’s decompose, but they are never mutated. (These 
two facts are closely related.) 

For the case of N = 20 shown here, S[4] experiences the obvious decomposition into 4 groups of 
5 tiles each, but the tiles are not mutated. The same is true for S[8]. This tile occupies the central 
position and appears to be immune to mutation. When N is even, there are always 2N such tiles.  

A web scan below shows mutations in S[2], S[5] and S[6] and the congruent LS[k]’s.  
 

 
 
Since GenStar and star[1] have conjugate dynamics, we will study the evolution at star[1] as 
shown below. The Cyan tiles are the First Family of a perfect S2[1] – they provide a valuable 
reference. There are only two matches here with actual tiles – at step-4 and at step-8. The step-8 
match is canonical for all N even families, so all of them have a potential generation structure 
with S1[1] and S2[1] playing the roles of matriarch and patriarch. By symmetry the generation 
issue can be studied either at star[1] of the foot of S2[1]. 
 

  
 
 
 



S2[1] is called a ‘woven’ decagon – these are a class of non-regular 2N-gons which consist of 
two woven regular N-gons at slightly different radii. The two regular pentagons are shown 
below- constructed from the magenta and black vertices. The in-vitro dynamics of these woven 
polygons is not well understood- but they typically have divergent orbits. However the in-situ 
dynamics may be more accessible. The S[3] tile of N = 9 has a similar mutation. The two regular 
pentagons that make up the ‘woven’ S2[1] are shown below in magenta and blue. 

                                          
 
If S2[1] is to be D[1], there appears to be a natural candidate for a D[2] as shown in the web plot 
above – this is the step-4 of the unmutated S2[1]. However on closer inspection this tile does not 
have a ‘next-generation’ relationship with the mutated S2[1] because they do not share a vertex. 
This can be seen in the enlargement below.  
 

 
 
It is not clear if this ‘generation’ process can be continued – although the blue region at the 
star[1] clone appears to have a continuing structure. Since the mutations are passed down 
through generations, it is difficult to know what is ‘canonical’. The central tile above is 
apparently a step-1 of the mutated S1[1]- but it looks more like an S2[2] – so it may be the 
natural candidate for a D[2]. If S2[1] was regular, the next-generation S2[2] would be at the 
(virtual) vertex shown here just to the left of this D[2] candidate. 
 
 



Below is an enlargement of the tip – which may contain a fourth generation. The green dot is a 
‘probe’ point at {-0.4745333209736089012300123001230, -0.999880123012301223001}. The 
orbit of this point is shown here (and above) in magenta. It appears to be non-periodic – but there 
are many such orbits in this region. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Projections 
 
EulerPhi[20] = 8 so there are just 4 non-redundant projections, P3,P7, and P9 as shown below. 
By convention we will examine all 9 possible projections. 
 
GraphicsGrid[{Table[Graphics[poly[Wc[[k]]]],{k,1,HalfN}]},Frame->All] 

 
 
Example 1: q1=cLS[1] = cM[1] ≈{-6.155367074350506,-0.97491436906308340157} 

This point is period 160 so the projections will have period 80 

Ind = IND[q1,500]; k = 81;  (*k is one more than half of the period to close the plot*) 

Px=Table[Graphics[{poly[Mom],Blue,Line[PIM[q1,k,j]]}],{j,1,HalfN-1}]; 
Px[[1]]=Graphics[{poly[M],AbsolutePointSize[3.0],Blue,Point[PIM[q1,k,1]]}]; 
(*plot the P1 projection with points instead of lines*) 

GraphicsGrid[{{Px[[1]],Px[[2]],Px[[3]],Px[[4]], Px[[5]]},{Px[[6]],Px[[7]], Px[[8]], 
Px[[9]]}},Frame->All]   

 
 
Below is an enlargement of P7 for LS[1] 
 

 



Example 2; q1 = cLS[2] = cD[1] ≈{-5.988831818442136,-0.94853777576173278} 
Period 70 so k = 36; 
 

 
 
P2 and P9 are shown below along with ‘D’ for scale 
 

 
 
 

 
 
 
 
 
 



Example 3: The probe point from the second generation:  
q1 = {-6.06110234127100001, -.953421000123002}; Ind = IND[200000]; 
 
k = 250; 
 

 
 
k = 2000; 
 

 
 
k = 100000; 
 

 
 



The first 100,000 points in the P3 projection of q1: 

 





N = 20


S[8]


S[6]  S[5]      S[2]








N = 20


S2[1]


S1[1]


step-4 of virtual S2[1]        step-8 of virtual S2[1] third generation


second generation


third generation


star[1]








S2[1] - regular (virtual)


N = 20 - third generation 


S2[1] - mutated


clone of star[1] of N = 20










