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The First Family is shown below followed by the star polygon embedding. 

         

 

 
 
This does not include the details of  the N = 9 family at S[7]. To generate them, the simplist 
approach is to import them from N = 9 and scale them and translate.   
 
To import the FirstFamily from N = 9: Inside FirstFamily.nb rename the FirstFamily as 
N9FirstFamily. Then Save["N9FirstFamily", N9First Family]; To import: 
Get["N9FirstFamily"];  (*The First Family is a Table of matrices - one for each family 
member. For example N9FirstFamily[[5]] will give  the matrix for M.*) 



N18FirstFamily =  TranslationTransform[cM] /@(N9FirstFamily*rM) 
 

    

 
N = 9 (and N = 18) have cubic complexity along with N= 7 and N = 14. Therefore there are 3 
primitive scales – but one is the trivial scale[1] = 1, so the dynamics of N = 9 and N = 7 are 
based on just the two non-trivial primitive scales – namely scale[2] and scale[4] for N = 9 and 
scale[2] and scale[3] for N = 7. This seems to imply that the dynamics in both cases are a 
mixture of ‘quadratic –type’ self-similar dynamics (when the overlap of scales is suppressed) and 
‘cubic-type’ complex dynamics when the two scales interact. This dichotomy can be seen in the 
second generation for N = 18 – with D[1] playing the role as the new D. 

.             

The dynamics on the edges of D[1] are very ‘canonical’ but this breaks down in the vicinity of 
DS4 so the PM tiles (and the elongated octagons) have no obvious relationship with the First 
Family. But we will give evidence to support our conjecture that all the tiles shown here are 
‘canonical’. In particular we will show that the mutated DS3, the PM tile and the elongated 
octagons are all ‘canonical’. (For convenience we will work inside N = 18 with apothem 1 so the 
star points are of the form star[k] ={-sk,-1} where sk= Tan[k*Pi/18,-1} for {k,1,8}].) 



           

 
 
 
(i) To show that the ‘mutated’ DS3 shown above is ‘canonical’. 
 
Note: The mutations in DS3 and DS4 are formed from extended edges of the underlying regular 
tile so the vertices of the mutated tiles are known star points. This is true for all mutations 
because they result from ‘incomplete’ local webs. Most 2nd generation mutations are based on 
identical mutations in the First Family, so the DS3 here is a scaled copy of the mutated S[3] tile 
of the First Family. The mutations in S[3] occur because the points in S[3] only ‘see’ a regular 
hexagon embedded in N = 18 (so the period of the center is 6 instead of 18).  
 
The side of the mutated DS3 is the distance between star[2] and star[1] of the underlying regular 
9-gon. (it is irrelevant which side is used for star points – since they are symmetric.) So sDS3 = 
star[1][[1]]  +  star[2][[1]] = s1 + s2 of DS3. Star points scale as height (or side), so relative to N 
= 9, this sum is (s1 + s2)hDS3. Therefore 

sDS3 = (Tan[π/9] + Tan[2π/9])hDS3.                                                           
 
Finding hDS3 is easy because back in the First Family for N = 18, any S[k] tile has hS[k] = 
GenScale[18]/scale[k], so hS[3] = GenScale[18]/scale[3] and the scale to go from N = 18 to S[2] 
(or LS[2]) is GenScale/scale[2], so the side of DS3 is 
 

 sDS3 = (Tan[Pi/9] + Tan[2Pi/9])*GenScale[18]2/(scale[3]*scale[2]) ≈  0.00786020 
By symmetry all mutated N-gons are equilateral and retain half the dihedral symmetry of the un-
mutated tile. This side length is not in the scaling field because in general the sk are not in the 
scaling field, but any sum or difference of star points for a regular N–gon can be converted to a 
scaled form by multiplying or dividing by s1 – which is half the side of N – so this scales the tile 
relative to N. In this case we will divide by s1 (of N = 9) to get 

 
sDS3/s1 = (s1/s1 + s2/s1)*GenScale[18]2/(scale[3]*scale[2])  

 



= (1 + 1/scale[2])*GenScale[18]2/(scale[3]*scale[2]) 
 

(But the scale[2] on the left is with respect to N = 9 and we want to work entirely in N = 18, so  
scale[2] of N = 9 is scale[7]/scale[5] of N = 18).  

 
So sDS3/s1 = (1+(scale[5]/scale[7]))*GenScale[18]2/(scale[3]scale[2])  

 
It is possible to use the scaling field of N = 18 here, but it is more efficient to use the equivalent 
S9  - which is generated by GenScale[9].  This can be done inside N = 18 because GenScale[9] is 
the same as scale[7] of N = 18.To verify that this scaled side is in S9 : 
 
AlgebraicNumberPolynomial[ToNumberField[sDS3/s1, scale[7],x]  gives 
 

27 55 17
6 3 6

x x
− + +  so sDS3 = 2 27 55 17Tan[ /9] [ ] [ ] [ ] [ ]

6 3 18 9 6 18 9
Tan Tan Tan Tanπ π π ππ  − + +  

≈.00786 

                         
 
 
(ii) The scaling for the PM tiles is slightly more difficult – because the two star points that define 
sPM are in different tiles (but within the same ‘family’). Here the underlying First Family is 
relative to the step-4 tile of D[1] – which we call DS4. It can be observed in the vector plot 
above that sPM is the distance between s1 vertices of S7 and S5 of SS4. We will do this 
calculation back in the First Family of N = 18 – and then scale the result to return to the 2nd 
generation.                                    

                                                 
It is trivial to find the horizontal distance between centers of S[k] tiles because the star points and 
scales are relative to these distances.  
 
d1 = cS[5][[1]] – cS[7][[1]] =  Cot[2π/18] – Cot[4π/18]]  = 1

𝑠𝑡𝑎𝑟[2]
 - 1
𝑠𝑡𝑎𝑟[4]

  (of N = 18) 
so the side of the First Generation PM is: 
 

sFGPM = d1- (sum of s1 points of S[7] and S[5]) = d1- s1(hS[5] + hS[7])  (s1 of N = 9) 



 
=  1

𝑠𝑡𝑎𝑟[2]
 - 1
𝑠𝑡𝑎𝑟[4]

  - Tan[Pi/9]* GenScale[18]( 1
𝑠𝑐𝑎𝑙𝑒[5]]

 + 1
𝑠𝑐𝑎𝑙𝑒[7]]

) 
 
This will be much simpler as a scale, so multiply both sides by s1 (of N = 18) 
 
sFGPM*s1 =  s1 (

1
𝑠𝑡𝑎𝑟[2]

 - 1
𝑠𝑡𝑎𝑟[4]

 ) – Tan[Pi/9]*Tan[Pi/18]* GenScale[18] ]( 1
𝑠𝑐𝑎𝑙𝑒[5]]

 + 1
𝑠𝑐𝑎𝑙𝑒[7]]

) 
 
Because of the unique relationship between N and N/2 (for N odd), the product of the s1 star 
points is GenScale[N/2], so 
 

sFGPM*s1 =  (scale[2]-scale[4]) -  scale[7]GenScale[18]( 1
𝑠𝑐𝑎𝑙𝑒[5]]

 + 1
𝑠𝑐𝑎𝑙𝑒[7]

) 
 
This First Generation PM is plotted below in magenta relative to S[7], S[5] and S[3] (blue). It is 
interesting that hS[3] = hS[5]*hS[7] (but of course the ‘real’ S[3] is a mutated hexagon). 

                                           
The second generation where the PM’s first occur, can be studied in the region bordering N = 18, 
but over the years we have accumulated much information with N = 9 as the ‘parent’ tile, so we 
choose here to study the second generation at the foot of the maximal D-tile for N =18. Working 
in N = 18 allows us to use the Digital Filter map to generate a very efficient web structure. The 
scale for the second generation D[1] tile is GenScale[18]/scale[2] – since it is the same size as a 
2nd generation S[2]. But this PM tile is clearly related to the step-4 family of D[1], so FGPM 
should be scaled relative to hDS4 = hS[4]*GenScale[8]/scale[2] = 
GenScale[18]2/(scale[4]*scale[2]) = GenScale[18]2/scale[6]  (scales are not typically 
‘multiplicative’). Therefore 
 

sPM*s1 =
2GenScale[18] 1 1(scale[2]-scale[4]) - scale[7]GenScale[18]  + 

scale[6] scale[5] scale[7]
  
  

  
 

 
AlgebraicNumberPolynomial[ToNumberField[sPM*s1,scale[7]],x] yields this as a power 
series in GenScale[9] so 
 

sPM  =  2 21 50 772 112[ ] [ ] [ ] [ ]
Tan[ /18] 3 3 18 9 3 18 9

Tan Tan Tan Tanπ π π π
π

 − + +  
 ≈ 0.0123717824965 

This shows that the PM tiles can be scaled relative to N = 18 by an element of S9, so they are 
‘canonical’ regular tiles. 
 



(iii) One of the non-regular octagons is enlarged below. The embedded tiles are formed from 
rational rotations (kπ/18) of the First Family tiles of DS4. Every vertex of the octagon is either a 
vertex of a canonical tile or a star point of a canonical tile so this is a ‘canonical’ tile. 
 

          
 
The two external S[2] tiles appear to be ‘suspended’ but the web is always connected, and these 
tiles do indeed contribute star[2] points to define the tip of the octagon (but the local web is very 
complex because of the unusual interaction between the scaling of S[1], S[2] and S[3] of DS[4]. 
That is why this region has traditionally been known as the Small Hadron Collider). 
 
These S[2]’s are really third generation S2[3] tiles and this same extended-edge linkage can be 
observed on a larger scale with the ‘parent’ S2[2] and PM2 in the main plot above. There is a 
degree of self-similarity between these generations of S[2] tiles. 
 
The long edges of the octagons clearly depend on the distance between S[5] and S[3] so this 
mimics the geometry of the PM tiles. The calculations are very similar to those for PM, and the 
surprising result is that back in the first generation, the edge length is simply 2tan(π/9) – which is 
the side length of N = 9 in standard position at the origin as shown below. 
 

        
The short edges span the gap between star[3] and star[7] of S2[3] as shown below 
 



            
Below is the detail at the vertex. It is not necessary to calculate the distance across to find the 
vertex of Dx1, but the distance across is a simple geometric sequence: 2rS2[4][GenScale + 
GenScale2 + ...]  where rS2[4] = rDGenScale4/scale[2] 
 

 
 
 
Since S2[3] is a third generation S2 bud, it has radius rD·GenScale3/scale[2]. This implies that 
the first tile in the chain above is an S2[4] with radius r = rD·GenScale4/scale[2].  This chain of 



virtual and real buds are islands of stability in the chaos surrounding S2[3].  The total gap width 
is therefore  (2· rD·GenScale4/Scale[2])·(1/(1GenScale)) ≈ 0.00016462823155137031 

‘Compound’ tiles such as these also exist in the 5th generation of N = 7 and in the second 
generation of N = 11. Often they are composed of two identical canonical tiles whose edges are 
linked together – so they could be regarded as a class of ‘compound-mutations’.  
 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
Projections 
 
N = 18 has the same number of non-redundant projections as N = 9,  EulerPhi[18]/2 = 3. Below 
are the vertex sets for all 9 projections. After 9, the list repeats in reverse order.  
 
GraphicsGrid[ { Table[Graphics[poly[Wc[[k]]]],{k,1,9}]},Frame->All] 
 
 

 



The non-redundant mappings are 1,5 and 7, but we will show results for the first 8. The first orbit 
we will look at is a point from the second invariant ring surrounding Dad. It is the magenta dot 
below: q1={-2.80547804089744912331, -0.02035455056909985}; 
 

            
   
 
Ind = IND[q1,200000]; k = 250; 
 
Px=Table[Graphics[{poly[Mom],Blue,Line[PIM[q1,k,j]]}],{j,1,HalfN}]; 
Px[[1]]=Graphics[{poly[Mom],AbsolutePointSize[3.0],Blue,Point[PIM[q1,k,1]]}]; 
(*plot the P1 projection with points instead of lines*) 

GraphicsGrid[{{Px[[1]],Px[[2]],Px[[3]],Px[[4]]}, {Px[[5]],{Px[[6]],Px[[7]], Px[[8]]}},Frame-
>All]  (*two groups of four each*) 

 

 

k = 50,000 is shown below. We call this the second invariant ring but the inner ring decomposes 
into two nested rings. This is normal for twice-odd N-gons. 



 

 

 

Below is an enlargement of P7, showing 100,000 points with transparency set at 60% 

Graphics[{RGBColor[0, 0, 1, .6], Line[PIM[q1, 100000, 7]] }, Axes->True] 



 

 
 
 
The next orbit is from generation 2 in the outer star - translated from N = 9 as explained above. 
The corresponding projections will have more 'embellishments' because of the extra rotations 
around Dad.  q1={-5.414645431351023, -0.9643188456924994} This point is shown below. 
 

     

 

Ind = IND[q1,200000]; 

Below is k = 250 - the first 250 iterations 



 

k = 5000 below showing the formation of the invariant outer star region. 

 

 

 

 

 

 

 

Below is k = 100,000 for P7 followed by an enlargement of the last 10,000 points 



 

 

 

 

 

P7= PIM[q1,100000,7]; D7 = Drop[P7, 90000]; (*Drop the first 90,000 points*) 



Graphics[{Blue, Line[D7 ]}, Axes->True] 
 

 

Below are the last 3000 points. The magenta dot is Last[P7] ≈  
{1618.574870082093, 3047.347690601291}. 

 

In N9Summary we looked at this same orbit back in its original position at   



q1= {-4.831465967746,-0.870482149074526} 
 
The first 1 million points in the P2 projection are shown below. The point q1 is shown as a small 
magenta dot at the left. This plot is 12,000 units wide and it shows similar characteristics to the  
P7 plot above. 
 

 

Below are the first stages in the development of this orbit showing large-scale structure very 
similar to the N = 18 P7 projection above. 

                 

 

 



The small scale structure of this orbit is shown below. It resembles the small scale structure of 
the P7 orbit but with fewer embellishments. 

 

 


