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Introduction 
 
The following arXiv articles have background information about the dynamics of regular N-
gons. [H5] has recently been updated and it is recommended. We will summarize some of the 
content here.  
H2] Hughes G.H., Outer billiards, digital filters and kicked Hamiltonians, arXiv:1206.5223 
 
[H3] Hughes G.H., Outer billiards on Regular Polygons, arXiv:1311.6763 
 
[H4] Hughes G.H., First Families of Regular Polygons arXiv: 1503.05536 
 
H[5] Hughes G.H.  First Families of Regular Polygons and their Mutations arXiv: 1612.09295 
 
[H8] Hughes G.H. Summary of dynamics of the Regular Heptagon: N = 7   N7 Summary 
 
Below is the First Family embedded in the star polygon of N = 14 

 

In [H5] we derive the First Family and show the connection between N = 14 and N = 7. Note that 
the M tile shown here is a clone of N = 7 and this is always the case for twice-odd families. This 
M tile is the ‘penultimate’ tile in the First Family of D (or N). 

 

http://arxiv.org/abs/1206.5223
http://arxiv.org/abs/1311.6763
http://arxiv.org/abs/1503.05536
http://arxiv.org/abs/1612.09295
http://www.dynamicsofpolygons.org/PDFs/N7Summary.pdf
http://www.dynamicsofpolygons.org/PDFs/N7Summary.pdf


 

The following is from [H5]: 

Example: (The star polygon webs of N = 7 and N = 14) For a regular polygon N, -1 is  applied 
to a horizontal reflection of N, so the Wk

i can be generated by mapping the forward extended 
edges of N under   - and if desired a reflection gives Wk also. Here we choose the level-0 set W0 
to be the edges of the (maximal) star polygon of N. Below are Wk for k = 0, 1, 2 and 10 for N = 7 
and N = 14. These are what we call ‘generalized’ star polygons. 

              
It is easy to show that these ‘inner-star’ regions are invariant . In [VS], the authors give evidence 
for the fact that this region bounded by D tiles, can serve as a ‘template’ for the global dynamics. 
When N is even, symmetry allows this template to be reduced to half of the magenta rhombus 
shown above. This will be our default region of interest for N even, and for N odd it will extend 
from D to the matching right side D as shown here for N = 7. 
 
When N is twice-odd, the geometry of these two default regions should be equivalent because 
the equivalence of cyclotomic fields implies that the M tile of N can be regarded as N/2 under a 
scaling and change of origin.  The Scaling Lemma gives the equivalence of scales under scale[k] 
of N/2 = scale[2k]/scale[2] of N = scale[2k]/SC(N).   
 
Lemma 4.2 (Twice-odd Lemma)  For N twice-odd the First Families and webs of N and N/2 are 
related by T[x] = TranslationTransform[{0,0}-cS[N/2-2][x]/SC[N,N/2]]   

               
Proof: T maps M = S[N/2-2] to the origin and then scales it to be a gender change of N and 
Lemma 2.3 shows that this is consistent with the First Family Theorem since M is an odd S[k]. 
Because T  and T-1 are affine transformations they will commute with the affine transformation  
 and hence preserve the web W, so T[W(N)] = W(N/2) and conversely. □  
 
As noted in the introduction, there should be a matching dynamical conjugacy. 
 

 



 

The canonical ‘template’ for N = 14 is enlarged here. 

Example 5.2 (N = 7 & N = 14). As with N = 5 this web plot would be unchanged not matter 
which is at the origin (but the dynamics would differ). With N = 7 at the origin,  hM[1]/hN = 
Tan[ π/7]Tan[π/14] = GenScale[7] and this is the scale of the 2nd generation. 

             
This 2nd generation at GenStar or star[1] of N= 14 is clearly not self-similar to the 1st, but the 
even and odd generations appear to be self-similar and this dichotomy seems to be common for 
all N-gons with extended family structure at GenStar (including N =5 above where the periods 
are high and low). Most cases are similar to N = 13 where the even and odd generations at 
GenStar are related in an imperfect fashion. This dichotomy is apparently driven by the fact that 
relative to D[k], these even and odd generations alternate right and left sides. For N= 7, the M[k] 
transition from odd to even has limiting temporal ratio 8 as illustrated earlier, while the even to 
odd transition appears to be 25.  
 
N = 7 and N = 9 are ‘cubic’ polygons so they have a second non-trivial primitive scale along 
with GenScale[N]. In both cases this competing scale is scale[2] = hS[1]/hS[2]. These scales are 
independent and this is consistent with the fact that the First Families of S[1] and S[2] have very 
little in common. We have chosen to use GenScale[N] as generator of the scaling field, but any 
non-trivial primitive scale could play this role. However we showed in Section 3 that 
GenScale[N] arises naturally from the constraints of the star polygons so it seems to play a 
special role under . For example with N = 7, both S[2] and S[1] generate ‘families’ of related 
tiles in the web W, but once an S[2] family is generated, it tends to evolve by GenScale rather 
than scale[2].This occurs for example in the (very complex) convergence at star[1] of N = 7.  
 
 
 
 
 
 
 
 
 
 



 
Below is the 2nd generation region in vector form. These even generations are called ‘Portal’ 
generations because the normal S[2] tiles are replaced by smaller PortalM[2] tiles which are only 
weakly conforming to D[1] and M[1]. These tiles do not exist in the first generation, so there are 
no PM[1] tiles. On the right-side of D[1] there are chains of D[k] tiles converging to star[3] but 
they alternate real and ‘virtual’. The orthogonal chain on the right consists of odd DS3[k] and 
even PM[k], so the local geometry of star[3] of D[1] is very different from the left-side star[1] of 
D[1] which has ‘normal’ 3rd generation geometry identical to GenStar. [H8] has more on N = 7. 
 

            
Below is a web plot of the 2nd generation at star[1] of N = 14 

The edge geometry of N = 14: F[z] = Exp[-Iw][z - Sign[Im[z]]]; w = 2Pi/14; 
H = Table[{x,{x,-1,-.5, .001}; Web = Table [NestList[F,H[[k]],1000], {k,1, Length[H]}];  
Graphics[{AbsolutePointSize[1.0], Blue, Point[{Re[#], Im[#]}&/@Web]}] 

         
The scaling fields S7 and S14 are generated by x = GenScale[7] = Tan[π/7]Tan[π/14]. Inside N = 
14, S[5] is the surrogate N = 7, so by convention all heptagons are scaled relative to S[5]. M[1] 
(a.k.a. M1) is a 2nd generation N = 7 but the edge dynamics are much simpler than N = 7 because 
S[2] is missing. M[2] is the ‘matriarch’ of the 3rd generation and has the same edge geometry as 
N = 7. The PM[2] are only weakly conforming to D[1] but it is easy to find their parameters. The 
corresponding PM[1] tiles do not exist. See [H8] for a derivation of PM[2]. 
 
hM1/hS[5] hD1/hN hDS3[2]/hS[5] hPM[2]/hS[5] hS[5]/hN hM2/hS[5] hD2/hN 

x x 21 34
2 2

xx− −  23 17 9
8 4 8

x x
− + +   

23 3
7 7 7

x x
+ −

 x2 x2 

 



In [H4] we derive the parameters of the PM tiles. This is shown below 

Example: N= 7: The PM tiles of N = 9 get their name from the PortalM tiles that play a major 
role in the second generation for N = 7. The scale of these tiles has no obvious relationship with 
the First Family scaling of N = 7, but there is geometric relationship between tiles that can be 
used to derive their scale –in a manner similar to the case for N = 9.  
 
These PM tiles first occur as with N = 9 and N = 7 as part of the second generation, so there is no 
PM[1]. They play an important role in the second generation (and all even generations). For N = 
7 these generations are sometimes known as ‘Portal generations’ because the PM tiles have 
unique local dynamics which resemble a Baroque doorway. 

                                                                                                      

To find the dimensions of PM[2] we will use the fact that the local dynamics of the edges are 
based on canonical tiles as shown on the right below. In the ‘normal’ evolution of families for all 
regular polygons, the step-2 tile of D (D[0]) plays the role the 2nd generation D tile – which we 
call D[1]. Note that D[1] is also step-2 of DS3 on the right. This is unique to N = 7 and these  
two tiles share very complex dynamics. There are sequences of PM and DS3 tiles converging to 
the star[3] point of D[1] – which happens to lie on the top edge of a PM[2]. 

      

The side of PM[2] is distance between the star[1] points of the magenta two M[3]’s. All the tiles 
in between are canonical, so it is an easy matter to find this distance back in the First Generation 
and then rescale by GenScale2 to return to the second generation.  

 

 



Below is what we call the Short Family for N = 7 – because DS3 can be regarded as the 
‘matriarch’ with DS2 is the step-2 tile. But this short family structure can only be continued on 
the left if DS2  is regarded as D[1] and not a step-2 of DS3 – because these two roles are 
incompatible. 

 

The desired distance is twice the distance shown here between left and right black markers. The 
segments above are both differences of star points of known tiles so they can be found in exact 
form.  From left to right: 

D1 = star[5][[1]] + star[1][[1]] of DS2 =  (s5+ s1)*hDS2 = (Tan[5*Pi/14] + Tan[Pi/14])*hDS2 

D2 = star[3][[1]] of DS3 = s3*hDS3 = Tan[3*Pi/7]*hDS3 

So the side of PM[2] scaled up to the First Family is sPMFF = 2[D1+D2].  (Back in the second 
generation this is sPM[2] = sPMFF*GenScale2 ≈ 0.048267061112875774297.) 

By definition, these heights back in N= 14 are: 

hDS[2 ] = hD*GenScale[14]/scale[2] and  hDS[3 ] = hD*GenScale[14]/scale[3] so inside N= 7: 

hDS[2] = [ ] [ ]
7 7

Sin Tanπ π  and  hDS[3] = 3[ ] [ ]
7 14

Sin Tanπ π   

 Thus sPM[2]= 2GenScale2Sin[π/7]((Tan[5π/14]+Tan[π/14])Tan[π/7]+Tan[3π/14]Tan[3π/7]) 

Therefore sPM[2]/s1 is clearly in the scaling field S7: 

AlgebraicNumberPolynomial[ToNumberField[sPM[2]/Tan[Pi/7],GenScale],x]=
21 3 5

4 2 4
x x

− +   so sPM[2] = Tan[π/7]( 2 21 3 5[ ] [ ] [ ] [ ]
4 2 14 7 4 14 7

Tan Tan Tan Tanπ π π π
− +  ) 

(Recall that GenScale here is GenScale[7] = Tan[Pi/7]*Tan[Pi/14]) 



Since scale[2] of N = 7 is 3[ ] [ ]
7 14

Tan Tanπ π , sPM[2] can also be written as: 

s0*GenScale*(scale[2] + GenScale + GenScale2) where s0 = side of N = 7 which is 2*Sin[π/7]  
(because the radius is 1).  Since s0*GenScale is the side of M[1], the ratio sPM[2]/sM[1] is 
scale[2] + GenScale + GenScale2 ≈ 0.5060407925650658 

These PM tiles define a new scale for N = 7 and it is likely that there are an infinite number of 
such scales defined by quadratic polynomials in GenScale. Since PM[2] is canonical, 
PM[2]GenScalek is also canonical for all k and these PM tiles seem to exist at least for even k. 
There are also ‘S2-scaled’ PM tiles with side (or height) scaled by scale[2] relative to the normal 
PM’s. We call these PMS2 tiles. (The ‘main-line’ scaling is scale[3] (GenScale) – which is also 
known as S1 scaling.) These PMS2 tiles occur naturally because any regular tile such as S2 can 
support a local First Family and these families are identical to the ‘main-line’ families except for 
the extra scale[2] factor. Of course this means there are PM(S2)k tiles for any k. 

Example: Below is a portion of a 4th generation S2 family with ‘matriarch’ MD2[3]. The 
associated PMS2[4] has radius rPM[2]·GenScale2/scale[2] ≈ 0.00174981. 
 

                 
 

 

 

 

 

 

 



Below is a graphic showing a ‘normal’ PM[4] with radius rPM[2]GenScale2. This is the second 
tiles in what we believe is an infinite chain of PM[2k] tiles converging in a self-similar fashion to 
the star[3] point of D[1]. For odd generations, these PM tiles alternate with DS3[k] tiles. 
Converging on the left are D[k] tiles alternating real and virtual (so the small D[4] shown below 
is virtual). As indicated earlier, all of these tiles exist in the top edge of a PM[2]. This type of 
alternation is not unusual for N = 7. 

                                 

The shaded region is enlarged below in a vector plot – showing how the PM[4]’s are integrated 
into the 4th generation in place of DS3[4]’s. (Their relationship with the six surrounding D[4]’s is 
unique to this region.) This region shows clearly the dichotomy between the ‘normal’ (blue) 
dynamics of the 4th generation and the unpredictable (magenta) dynamics across the border. 

          

 

 

 

 



Projections 

N = 14 has 3 coprime projections just like N = 7, but our convention is to show all the distinct 
projections.The 7 possible remappings of the vertices are shown below 
 
GraphicsGrid[ { Table[Graphics[poly[Wc[[k]]]],{k,1,7}]},Frame->All] 
 

 
 
 
Example 1: In the N = 7 Summary, we looked at the projections for p1= {-0.91016767268142,-
0.48142749695086559} from the 'chaotic' region at the top of S1. The corresponding point in N 
= 14 is q1= KTo2K[q1]= {-2.7835563378031423, -0.7793012931271794} 
 
Ind = IND[q1, 50000];  k= 250; (*plot the first 250 iterations*) 

GraphicsGrid[{{Graphics[{poly[M],Blue,Point[PIM[q1,k,1]]}], 
Graphics[{poly[M],Blue,Line[PIM[q1,k,2]]}], 
Graphics[{poly[M],Blue,Line[PIM[q1,k,3]]}]}, 
{Graphics[{poly[M],Blue,Line[PIM[q1,k,4]]}], 
Graphics[{poly[M],Blue,Line[PIM[q1,k,5]]}], 
Graphics[{poly[M],Blue,Line[PIM[q1,k,6]]}]}},Frame->All] 
 
 

 
 
 
 



k = 20000. (For the dense plots in P2,P4 and P6 we have set the transparency at 30%.) All the 
projections show the extra 'embellishments' due to their location in the third ring. Episodes of 
small-scale and  large-scale symmetry are common for complex orbits. 
 

 
 
Below are the first 2000 points in the orbit of P3 and P5. D is shown in magenta. 
 

         



 For an inner star point we will use points from the second generation at the foot of D. That 
region is shown below along with local copies of D[1] and M[1], which we will call D1R and 
M1R. They are both part of the N = 14, FirstFamily: 
D1R = FirstFamily[[14]] and M1R = FirstFamily[[13]]. 
 
To find other family members, we will define a local version of the KTo2K transformation using 
cM1R and rM1R. The radius of M1R is GenScale[7]*rM ≈ 0.057821180573055352196734. We 
also know the vertices of M, so cM1R = M1R[[1]]-{0,rM1R} ≈ {-0.456486948780299876, -
0.94790491639831296935} as shown below. 
 
To find the center of M2R, first find the center in N = 7:  p1 = (1-GenScale[7])*GenStar[7] 
Then cM2R = KTo2K[p1] = TranslationTransform[cM1R][p1*rM1R] ≈  
{-0.6596427677897987, -0.9942739063716958} which is also shown below. We can do the 
same with D2R:  p2= (1- (2+GenScale[7])*GenScale[7]))* GenStar[7] so  
cD2R = TranslationTransform[cM1R][p2*rM1R] ≈ {-0.6317975401489839, -
0.9879184148697608} as shown below. 
                   

 
 
M1R is 1-step relative to D, so her period is 14. D1R is 2-step with period 7. The step-2 orbits 
always form two groups around D. On the first iteration the step-1 Ms link the groups together, 
but then they follow the decomposition defined by the Ds. For example in the table below, M2R 
is period 28 but her obit tracks just 7 of the Ds. Note that the Ds are starting to adhere to the 8 
and 25 ratios of periods. The Ms follow suit but in the reverse order because they track the last 
generation of Ds. Note that the 'odd' Ds have odd periods because they have period doubling. 
This means that their projections will have the same periods. 
 
   Period  Period 
D1R     7 M1R   14 
D2R  112 M2R   28 
D3R 1407 M3R 5894 
D4R 9352 M4R 146860 
D5R 281477 M5R 1180970 
 



Example 1: D2R: p1= (1- (2+GenScale[7])*GenScale[7]))* GenStar[7] 
q1=TranslationTransform[cM1R][p1*rM1R]  ≈ {-0.63179754014, -0.98791841486}.  
The period is 112 so the projections have period 64 and we can see that P1 has 7 groups with 8 in 
each. 
 

 
 
 
Below is an enlargement of P2 
 

                       
 



 
Example 2: D3R. p1 = (1 - (2 + GenScale[7])*GenScale[7]^2)*GenStar[7];  
q1=  {-0.678912238415843, -0.9986720372970505}  Period 1407 so P1 period is the same. 
 
k = 1407 
 

 
 
 
Example 3: D4R. p1 = (1 - (2 + GenScale[7])*GenScale[7]^3)*GenStar[7];  
q1 = {-0.6840909100380, -0.9998540353007433}.The projections have period 4676 
 
k = 4676  We can begin to see the differences between the odd and even generations. This is 
even more evident if we compare these projections with the D5R projections below. 
 

 
 
Example 4; D5R.  p1 = (1 - (2 + GenScale[7])*GenScale[7]^4)*GenStar[7]; 



q1= {-0.684660130275048, -0.9999839561054165}. Period  is 281477 so the projections will 
have the same period 
 
k = 281477 
 

 
 
The odd generations have simple 'mod 14' projections but we can see the 'mod-7' variation in the 
even (Portal) generations. This will persist in future generations and it is evident in the Ms also. 
Their projections are similar to the Ds. 


