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N = 32 is the fourth member of the 2k family. N = 4 has a trivial web which consists of just the 
extended trailing edges, N = 8 has a self-similar fractal web, N = 16 is probably multi-fractal but 
it does appear to support infinite families of S[1] and S[2] tiles which play the role of M[k] and 
D[k] – except that the M[k]’s are only present on the odd generations. This means there is hope 
that N = 32 may also have such families – but we have found no evidence of this. 

Algebraically N = 32 is degree 8 since EulerPhi[32] = 16. The canonical First Family is shown 
below – but there are the expected mutations in S[4], S[8] and S[12] – which are best viewed 
using a web plot. 

 

The five invariant regions are shown below in a toral Digital Filter plot. 
 

 

The invariant inner family is shown below in Blue – so that that the reader is not ‘blinded’ by the 
magenta from the plot above. As expected, S[4] and S[8] are mutated tiles based on the canonical 
‘templates’. S[8] is a more extreme mutation than S[4] – which looks almost normal at this scale. 

 

 

 

 



Mutations in S[4] and S[8]  

The S[4] orbit ‘sees’ only a subset of the N = 4 and N = 8 polygons embedded in N = 32, so it 
evolves in a ‘mod-4’ fashion consisting of two interwoven regular 16-gons at slightly different 
radii. These are the magenta and brown 16-gons shown below. This is the same type of mutation 
found with S[3] of N = 9. The canonical S[4] ‘template’ is shown in Cyan 

                                  

The step-8 orbit also ‘sees’ a subset of the edges of N = 32 and this partitions the vertices ‘mod-
8’. Therefore the resulting tile consists of two perfect squares which are shown in magenta and 
brown below. Once again the mutated tile shares the same center as the canonical regular tile. 

                      

These mutations always have matching decomposition of orbits – so the periods of S[4] and S[8] 
are 8 and 4 respectively. It is not clear how these mutations affect subsequent generations. 



The Second Generation 

Below is the second generation where S[2] and S[1] have the potential to play the role of D[1] 
and M[1] and foster future generations at the foot of S[2] or at star[1] of N = 32 – which is D[0]. 
Clearly there is symmetry between these two points. The virtual First Family shown here is a 
scaled version of the N = 32 First Family. The Mathematica commands for scaling and importing 
this virtual First Family are shown below: 

FFS2 = TranslationTransform[ cS[2]] /@ (FirstFamily*GenScale/scale[2]); 
FFS2 = ReflectionTransform[{1, 0}, cS[2]] /@ FFS2; 
 

 
Note that S[1] plays the role of the central S[14] from the original First Family. This is 
promising, but the real issue is whether there is any continuation of this structure on the edges of 
S[2]. This region is enlarged below. S[2][2] and S[6][2] are the only surviving canonical tiles 
and S[4][2]] is mutated in a fashion identical to S[8] from the first generation. 
 
 
 
 

 
 
 
 
 
 



The green and magenta squares shown below have radii approximately 0.00102674 and 
0.00079751 and these are scaled by GenScale[32]/scale[2] from the radii in S[8], so the ratio is 
both cases is ≈ 0.776745. 
 
    

                              
 
The third generation shown below has no S[1] [2] but this was true for N = 16 also and the S[1] 
tiles returned on the next generation. This does not occur here. There is no indication of further 
family structure around S[2][2] or at the local GenStar point, but there may be self-similar 
families elsewhere. 

 
 
 
 
 
 
 
 
 
 
 
 



The dynamics local to S[14] 
 
When N is twice even, the possible step sizes for Df webs runs from 1 to N/4 -1, so for N = 32 
there are Df webs with rotation numbers of 1/32 to 7/32– some of which reduce to known cases. 
 
The ‘maximal’ step-7 web is very useful because it reproduces the local dynamics of the S[14] 
tile. Since the ‘twist’ ρ = 7/32 , the Df map θ is 2π(7/32) = 7π/16 as shown below: 
 
DigitalFilter = Module[{}, w= N[7*Pi/16];a=2*Cos[w]; f[x_]:=Mod[x+1,2]-1; 
Df[{x_,y_}]:={y,f[-x+a*y]};  
Shear[{x_,y_}]:={x,x *Cos[w]+y *Sin[w]}; IShear[{x_,y_}]:={x,-x *Cot[w]+(y /Sin[w])}; 
DfToTr[A_]:=If[Length[A]==2,RotationTransform[Pi/2][IShear[A]],RotationTransform[P
i/2][IShear/@A]]; 
TrToDf[A_]:=If[Length[A]==2,Shear[RotationTransform[-
Pi/2][A]],Shear/@RotationTransform[-Pi/2][A]]; 
 
The web plot below shows some of the ‘First Family’ for S[14]. The only match that exists with 
the First Family for N =32 is S[2]. This tile is the same size as the S[2] of N = 32 because by 
convention, S[14] is ‘promoted’ in scale to match N = 32. This does not mean that S[14] has 
dynamics similar to N = 32 because a step-7 web is very different than a step-1 web. Aside from 
S[2], the large step tiles shown below for S[14] are not canonical in position or size – some are 
too large and some are too small compared with N = 32.  
 
Below is a web scan of depth 1000, One possible choice for initial segment H0 is the top edge of 
the Df torus which runs from {-1,1} to {1,1}, but at this scale only a short sub-section is needed. 
 
H0 = Table[{x, 1}, {x, .9, 1, .005}]; 
DfWeb =  Flatten[Table[NestList[Df, H0[[k]], 1000], {k, 1, Length[H0]}], 1]; 
W1 = DfToTr[DfWeb]; Graphics[{Blue, AbsolutePointSize[1.0], Point[W1]}] 
 

                            
 
 



This Df step-7 web replicates a portion of the step-14 Tangent map web as shown below. The 
magenta region around S[14] is invariant and the blue Df torus matches the left-side bounds of 
the invariant region – so the Df web replicates the dynamics local to S[14]. 
 

 
 
Below is an enlargement of the region at the foot of S[14]. If S[14] supports traditional 
generations, this would be the second generation with S[2] as patriarch. But there is no matching 
canonical S[1] tile. 

 
 
The generation 2 region is enlarged below – followed by a series of further enlargements. If there 
is a generation 3, it would be expected to appear at the foot of S[2] – but that region appears to 
be barren. The three enlargements given below cover the foot of S[2], the central region and the 
star[1] region. (Note the mutated octagons which are similar to S[8] and S[4][2].) 
 

 



 
 
Below is the foot of S[2]. The generation 3 region shows no sign of self-similarity. 
 

 
 
 
The central region of the second generation is shown below. 
 
 

 
 
 
 



 
 
If S[14] supported chains of generations, there should be signs of self-similarity at the local 
star[1] point – but at this scale there is no obvious self-similar structure. 
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